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Entanglement Dynamics of a Three-Level Atom in = Configuration
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Dynamical behaviour of entanglement between the cavity mode and a three-level atom in the E configuration is
studied by making use of log-negativity. The influence of initial temperature of the thermal field and detuning
on the entanglement is investigated. It is found that the maximal values of entanglement decreases with the
temperature of the thermal field and can be controlled by the detuning.
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Quantum entanglement is of great interest in the
various fields of quantum information, such as quan-
tum computation,[l] quantum cryptography,[Q} quan-
tum teleportation,®¥ entanglement swapping,
and quantum communication.[” In recent years, the
manipulation of quantum entanglement for the sys-
tem of the cavity quantum electrodynamics (QED)
has been extensively investigated.8=13 It has been
shown that the entanglement can be generated in the
interaction of a two-level atom with a cavity field in a
thermal state.[5—11]

Recently, much attention has been focused on the
study of N-level quantum systems to implement quan-
tum information processing. For example, key dis-
tribute protocols based on entangled three-level quan-
tum systems are proposed.'¥ It was pointed out that
quantum key distribution schemes using three-level
systems are more secure against symmetric attacks
than protocols using two-level systems.!'® Three-level
systems are also used to implement quantum phase
gates and the controlled-NOT gates.[16:17]

Recently, the entanglement in cavity QED consist-
ing of a three-level atom and vacuum fields has been
discussed.['®19) In this Letter, we investigate the dy-
namical behaviour of entanglement between the cavity
mode and three-level atom in the = configuration by
adopted log-negativity as a measure. The influence
of initial temperature of the thermal field and various
systemic parameters on the entanglement is also dis-
cussed.

Now, we consider a three-level atom in the = con-
figuration interacting with a single mode field. The
Hamiltonian for this model can be described (h = 1)
by!20]

3
H = Z ;0 +wa'a + grat oz + gratoys
1=1
+ 920?023 + gaa' 03, (1)
where the levels |1) is ground-state and the levels |2)

is the up excited-state and |3) is the mediate state.
o021 = [2)(1] and 012 = |1)(2] are atomic transition

operators and o;; = |1)(1](z = 1,2,3) are three pop-
ulation operators of the atom. Here the interactions
are generalized to be multi-photon (I1,l3) forms. We
introduce the detuning A; = e3 —¢; + (—1),w,(i=1,2)
and consider the case of Ay = Ay = A for simplicity.

It is easy to verify that there exist one constant of
motion in the Hamiltonian (1),

KzaTa+l1(1—011)+l2022, (2)

which commutes with Hamiltonian (1). We then in-
troduce the generators of the SU(3) algebra

Tl Tl
Sii =04(i =1.2.3); S12 = aa o2 ;
VE(E)FR(K 1)
Tl Io
Spp=2_98 . g 29 .
Fl(K) FZ(K—ll)
So1 =81y Sap = Sla; Sa1 = S, )
where
1( ) (K—ll)" 2( ) (K—ZQ)', ( )

and S;;(i,j = 1,2,3) are the generators of the SU(3)
algebra, they satisfy the following commutation and
anticommutation relations:[2!]

[S’Lja Skl] = Sil(sj‘k — Skj(sil,
3
{Sij7 S}Cl} = Sildjk + Skj(sil, Z S“ =1. (5)
i=1

In terms of the SU(3) generators, we can rewrite the
Hamiltonian (1) as

H =¢+wK + ASs3 + g1/ F1 (K)(S31 + Si3)
+ go/ Fo(K — 11)(Sa3 + S32), (6)

1
where ¢ = 551 4 e — ljw — lsw. By making use of

the dynamical algebraic approach,?!] we can find the
time evolution operator?!

U(t) = %[1—!—0% 02 (K)] exp(—ifat)+[1 — cos 02 (K))
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-exp(—ifat)+San [cos2 61 (K) eXp(—iflt) n %(1
K))sin? 0, (K) exp(—ifat)+
'Sin291(K)exp(*if3t)}+Sll[sm 6. (K) exp(—ifit)
K)exp(—ifat) + %(1

+ cos 05 (K)) cos? 0, (K ) exp(—i fst)}

— cos 02 (1+C0892( )

1
+ 5(1 — cos B (K)) cos? 0y (

1
+ 5(812 + 521)

- sin 20, (K) [ - eXp(—ifﬁ)—i—%eQ(K) exp(—i fat)
+ M exp(—if:at)} + Sis* 5 sin 62 (K)
- cos 01 (K)[exp(—ifat) — exp(—ifst)] + %

-sin 05 (K) sin 01 (K ) [exp(—i fot) — exp(—ifst)],  (7)

where

A
K)=c+wK+ = + Q(K);

fi(K) =e+wK;  fo 5

f3(K) =e+wK + % - QK);

O(K) = \/A/22 + BFy(K — 1) + 2Ry (K),  (8)

and

(k) = ot [2Y D),

. {2\/951’2(}(

—hL)+ g%F1(K)
A " (9)

We now turn to study the dynamical behaviour of
the entanglement between the cavity mode and three-
level atom in the = configuration. Firstly, we assume
that the single mode field is initially prepared in the
Fock state |n), and the atom is prepared in the state
li)(i = 1,2,3). Then, the density matrix p;(n,t) of
time evolution can be written as

GQ(K) = tan

pi(n,t) = U () (|i)|n)) (il (n)UT(t)
3
Z Cij(n n)|) (k| @ [n + Lij)(n + lix], (10)
7,k=1
where l17 = loo = I33 = 0, lo1 = —li2 = I1 + I,
I31 = —lig =11, la3 = —l32 = I,

. 1
Ci1(m) = sin? 6y (m)e 1Mt 4 5(1 — cos f3(m))

, 1
- cosy B (m)e~Hf2(m)t 5(1 + cos 02(m))
- cosg 0y (m)e 3 (m)t, (11)
in 260 ; 1—cos®
Cia(m) = A 21 (m) — e"fl(m)t—kicoz 2(m)

Lemifalmye . LF C0;92(m) o—ifa(m)t

T (12)

1 .
Cy3(m) = 5sin 62 (m) cos 01 (m) [eﬂh(m)t

— emistm], (13)
Co1(m) = Cia(m + 11 + 12); (14)

022 (m) = COS2 91 (m + ll + 12)e—if1(m+l1+l2)t

1
+ 3 [1 —cosby(m+1 + lg)] sin? 01 (m + 1 +1y)

; 1
ceTta(mthitl)t 3 [1+ cosbz(m + 11 +15)]

. Sin2 91 (m + ll + lQ)e—ifa(m-‘rh"rlZ)t; (15)

Cas(m) = % [Sin Oa(m + 11 +12)sinby (m + 1, + lg)]
[ —ifo(m+li+i2)t _ —ifg(m+l1+l2)t]; (16)
Can(m) = Cra(m +1y); (17)
Cs2(m) = Caz(m — la); (18)
Cs3(m) = %[1 + o8 fa(m + Iy)|e~Hf2lmFht
+ %[1 — cos Oy (m + ;)] e"Hfam+lt, (19)

In order to quantify the degree of entanglement, we
adopt the log-negativity N(p) to calculate the entan-
glement between the three-level atom and the cavity
mode. The log-negativity N(p) is defined by[??

N(p) = log, [|p" |, (20)

where p! is the partial transpose of p and ||p%|| de-
notes the trace norm of p', which is the sum of the
singular values of p'. It has been proven that the
log-negativity is an operational good entanglement
measure.?3 If the log-negativity N(p;(n,t)) > 0, the
state p;(n,t) must be entangled. It is noted that this
is a necessary and sufficient condition for 2 x 2 and
2 x 3-dimensional systems, but ceases to be a sufficient
condition for higher dimensional systems.[?4 The log-
negativity N(p;(n,t)) characterizing the entanglement
between the three-level atom and the cavity mode in
the state described by the density matrix p;(n,t) in
Eq. (11) can be calculated by

N(pi(n,t)) = logy [|pj (n,t)]]. (21)

where

lpi (&)l =1+ 2[|Cia () Cia(n)] + |Cia (n) O (n)]|

+]Ci2(n)Ci5(n)]]. (22)
In Fig. 1, the log-negativity N(p2(0,t)) is plotted
as functions of time ¢ and detuning A. We take the
three-level atom initially in excited-state |2) and the
field prepared in the vacuum state. For larger A,
the period for the fluctuation of the entanglement is
shorter and the maximal value of the entanglement is
smaller. In order to make it clearer how the detuning
A influence the entanglement, we show the maximum
of the log-negativity Npmax(p2(n)) along the axis of

time t as a function of the detuning A in Fig.2. It
is found that the entanglement increase first and then
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decrease with the detuning after reach their maxima.
g1 = g2 = 1 have chosen in the numerical calculation.

Fig.1. The log-negativity N(p2(0,t)) as a function of
time ¢t and detuning A with I} =13 = 1.

Next, we assume that the cavity field is ini-
tially in an arbitrary thermal state Y.~ (1 —
m 1
" 0,1], where a = n o=
a)a" ) (n], ael0, 1], where @ = 17— m =
and m is the mean photon number at the inverse

temperature §. The atom is in the mixed-state
sin? 0 cos? p|1) (1] + cos? 0]2) (2| + sin? @ sin? p|3)(3].

The initial state of the whole system can be repre-
sented by the density matrix p(0)

p(0) = [sin® @ cos® p|1) (1] + cos® 0]2)(2| + sin” 6

-sin® ¢[3)(3|] ® Z(l —a)a™|n)(n|. (23)
n=0
In terms of lgk —lgj = lgk —lgj = l1k —llj, the time

evolution of p(t) can be derived as

ZZ Z pir(n)]7)

p(t) =U(?)
A o
(k[ @ [n)(n + L — L], (24)

where
pir(n) = (1 — )™ 19 sin? @ cos® pC4j(n — 11;)Cy

. (n — llj) + (Xn_l2j cos? 902]‘(71 — l2j)

- O3p(n — laj) + ™1 sin? O sin?

- Cj(n = 13;) O3y, (n — 35)]- (25)

Then, the explicit analytical expression of the log-
negativity between the cavity mode and three-level
atom can be obtained to be

l1—1

N(p) = log, [lo"]] = log, [1 S (6l — )

m=0

+ 3 (ol = Al = ) (26)
m=0

where

{ [p33(m)

— paz(m +15)]* + 4pag(m) psa(m + 12)}1/2};

1
Om = *{P33(m) + pa2(m +12) —

[Pll( )+ paza(m 411 +12) + pss(m + ll)}

-1-2\/ ) cos[¢
1

=- [pn(m) + p22(m + 11 + lg) + p33(m + ll)}

3
) + 47 /3],

+ 23/r(m) cos[p(m
c(m) 5 (m)13/2,
rom) == 557+ T}

—q(m)/2r(m)],

)+ 27/3];

fim

3

q(m) = T T

b(m) = = [p11(m) + p2a(m + I + l2) + pss(m + I1)];

c(m) = pr1(m)paa(m + 1 +12) + p11(m)pss(m + 1)
+ pa2(m + 11 + l2)p3z(m +11)
— paz(m + 11 + l2)paz(m +11) — p13(m + 11)
- p31(m) — prz(m + 11 + lz) pa1(m);

d(m) = pr1(m)psa(m + 11 +12)paz(m + 1)

+ pa2(m + 11 + l2)p1z(m + l1) p31 (m)
+ p3s(m + 1) p12(m + 11 + 13)p21(m)
— pr1(m)paz(m+ 1 +l2)pss(m +11)
— p13(m +11)psa(m + 11) pa1(m)

— pr2(m + 11 +l2)p31(m)paz(m + ).

In Fig.3, the log-negativity N(p) is plotted as a
function of ¢ and 6 or ¢. The larger initial popu-
lation of ground-state leads to the smaller entangle-
ment. When 6 = 7/2 and ¢ = 0, i.e., the initial state
of atom is in the ground state |1), the log-negativity
reaches zero. When 6 = 0, i.e. the initial state of
atom is in the up excited-state |2), the maximal value
of the entanglement reaches its maximum. As§ = 7 /2
and ¢ = 7/2 are chosen, i.e., the initial state of atom
is in the mediate state |3), the maximal value of the
entanglement is smaller than as initial state of atom
is in the up excited-state. In Fig.4, we display the
log-negativity N(p) as a function of time for three dif-
ferent values of temperature of the field. For higher
temperature(the larger value of «) of the field,the log-
negativity is smaller. However the periods that the
entanglement is independent from the temperature.
In Fig. 5, the log-negativity N(p) is plotted as a func-
tion of time for three different values of detuning. For
larger detuning, the distant between the neighbouring
crests of the entanglement is shorter. And the max-
imum of the log-negativity is also dependent on the
values of detuning. We plot the log-negativity N(p) as
a function of time ¢ for different multi-photon (I1,13)
forms in Fig.6 and show the influence of the multi-
photon process on the maxima and the period for the
fluctuation of the entanglement.
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Fig. 2. The maximum of log- Fig. 3. (a) The log-negativity N(p) as functions of ¢ and ¢ with § = 7/2

negativity Nmax(p2(0)) as a function

li =12 =1, A =10 and a = 0.2. (b) The log-negativity N as a function
of A with Iy = Ip = 1, o (&) g-negativity N(p)

of t and 6 with p =011 =la =1, A =10 and a = 0.2.
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Fig. 4. The log-negativity N(p) as a
function of time t with l1=Il2=1, 6 =
0,9 =m/2, A =1 for different temper-
ature of the field, o = 0.8(dotted line),
a = 0.5 (dashed line), a = 0.2(solid

Fig. 5. The log-negativity N(p) as a
function of time t with l1=Ils=1, 6 =
0,9 =m/2, a = 0.2 for different detun-
ing, A = 10(dot line),A = 5 (dashed
line), A =1 (solid line).

Fig. 6. The log-negativity N(p) as a
function of time t with A = 5, § =
0, = w/2 and a = 0.2 for different
multi-photon (I1,12) forms, [1 =2 =1
(solid line), I1 = l2 = 2 (dotted line).

line).

In summary, we have studied the dynamical be-

haviours of entanglement between the cavity mode  [4]
and three-level atom in the = configuration by adopted %
log-negativity as a measure. It is shown that the max- [7]
imal values of entanglement decreases with the tem-
perature of the thermal field and can be controlled by (8]
the detuning. The period for the fluctuation of the [1[3}
entanglement is sensitive to the detuning and is inde- [11]
pendent of the temperature of the field. The approach  [12]
adopted in the present study can be easily extended  [13]
to the systems of a three-level atom interacting with Eg}
multi-mode field. [16]
[17]
(18]
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