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We perform the calculation of the nucleus—nucleus interaction potential of the dinuclear system with deformed

nuclei. Based on the calculated results by properly treating the double-folding method, some results from the
analytical expressions for calculating both the nuclear and the Coulomb interactions are investigated. It is con-
cluded that the analytical formula to calculate the Coulomb interaction by Wong [Phys. Rev. Lett. 31 (1973) 766]
can reproduce good double folding results. However the results by the parametrized Morse formula, which are

used to calculate the nuclear interaction, greatly deviate from the double folding results, unless the distance

of nuclei is adjusted to be shifted to a smaller relative distance determined by the same distance between the
nuclear surfaces as one of them pertains to the deformed nuclei. Using the double folding method to calculate

the nuclear interaction and employing Wong’s analytical formula to calculate the Coulomb interaction can keep

good precision and can cost much less computation time.

PACS: 27.90.+b, 21.30.Fe, 21.30. —x

The formation of compound nuclei by fusion of
heavy nuclei is currently used to synthesize the super
heavy nuclei (SHN).['?l Reactions between heavy nu-
clei may be described with the dinuclear system (DNS)
concept.®4 The dinuclear system is a configuration
of two touching nuclei which keep their individuality,
and fusion process is considered as the evolution of
the DNS in which nucleons or clusters are transferred
from the light nucleus to the heavy one. The dynam-
ics has been treated as a diffusion in mass asymmetry
at the touching point to the compound nucleus, and
in the variable R of the relative distance between the
centres of the interacting nuclei, which may lead to the
quasi-fission. The analytical solution of the Fokker—
Planck equation!*?)
Master equation!®:7]
process. In both the cases, the potential energy of the
DNS is of vital importance.

It is estimated!® that the overlap volume of the
colliding nuclei in the DNS is a few percent of the to-
tal DNS volume, thus the potential energy V (R, 7, J)
(where n = (A1 — A3)/(A1 + As) is the mass asym-
metry parameter with A; and A, being the mass
numbers of the DNS.) can be written as the sum of
the binding energies of two nuclei (B; and Bs) and
the energy of their interaction U(R, A1, As). The
nucleus—nucleus potential U(R, A1, A3) is the sum of
nuclear Uy (R, A1, A3), Coulomb Ucou (R, Ay, A2) and
centrifugal U,.:(R, Ay, As) potentials.
strict ourselves to head on collisions, the rotational
energy of the compound nucleus can be ignored, and

or the numerical solution of the
are used to describe the diffusion

Here we re-

it can be added straightforward otherwise. Therefore
the calculation of the potential energy V(R, Ay, As) is
reduced to the calculation of the nucleus—nucleus in-
teraction in the DNS. Various methods have been in-
troduced for calculating the interaction potentials be-
tween two nuclei.[1% The main point is the calcula-
tion of the nucleus—nucleus interaction Uy (R, A, A2)
due to the uncertainties of the nuclear interaction.
Some double folding procedures with different choices
of the nucleon-nucleon interaction,’® 1% and some pa-
rameterized analytical expressions!® are proposed. If
nuclei are deformed, the deformation and the corre-
sponding orientation will bring some additional com-
plications. Some analytical expressions may closely
simulate the result of the double folding one, which
are convenient to use and can save much calculation
time. In the present work we investigate and compare
different ways to calculate the potential energy of DNS
and to check the precision of the calculated potential
energy which has been used in Ref. [6].

The potential energy of the DNS can be written as

U(A1, A2, R) = By + B2 — Bia + Ucoul(41, A2, R)
+ Un(A1, A2, R), (1)

where By, By, and Bjs are the binding energies of the
fragments and compound nucleus, respectively. The
shell and paring corrections are included in the bind-
ing energies. If the ground state deformations of the
two touching nuclei are taken into account, in princi-
ple, the deformed nuclei can have different relative ori-
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entations. Some averaging over the orientations of the
nuclei has to be carried out in the initial DNS; how-
ever, the orientation which gives rise to the minimum
interaction energy is in favour of the nucleon trans-
fer, so the pole-to-pole orientation is chosen hereafter
since it gives rise to the minimum energy.!1%-11]

The Coulomb interaction Ugc (A1, Az, R) of the de-
formed nuclei in the DNS usually should be calculated
numerically as by

dTldTg

0.0
UC(R) p1p2/ ‘,’_1 Ty — R|7 (2)
where R is the vector between the two centres of the
nuclei. The charge densities are assumed to be con-
stants. The symmetry axes of the two deformed nu-
clei and the z-axis are assumed to be in the same
plane. On the other hand, an analytical formula from

Ref. [12] reads

AV 9 \1/2 /7, Z,e?
Ueon(R,0) = =5+ (50) 7 (T
2
S R265 Py (cos b))
=1
3 1/2 Z1Z282
() ()
2
3" R2[BL) Py(cos 0:), (3)
=1

where 6; is the angle measured between the radius vec-
tor R and the symmetry axis of the ith nucleus. R; is
the radius of the deformed nucleus 7. In the case with
the pole-to-pole orientation, we have 6; = 0.

For the nuclear potential energy, adopting a
Skyrme-type interaction without considering the mo-
mentum and spin dependence it is formulated as fol-
lows:

Un(R) =Co{ “ 252 ([ gir)pate - Ry
+ /pl(r)pg(r - R)dr)
+Fo [ pr(r)palr - B}, (4)
with

Ny —Zy Ny — Zy
Ay Ay

Fin,ez = fin,em + filn,em (5)
where a zero-range treatment of the effective interac-
tion d(r1—ry) is assumed. The nuclear potential is ob-
tained in the sudden approximation.[m] Ni2and Z; o
are the neutron and proton numbers of the two nu-
clei, respectively. The parameters Cy = 300 MeV-fm?,
fin = 0.09, fer = —2.59, fI = 042, fl = 0.54,
and poo = 0.17fm~3 are used. The functions p; and
p2 are the two-parameter Woods—Saxon density dis-
tributions.

The nuclear interaction energy parameterized by
the Morse potential readsl®!

Un (A1, Az) =D<exp [_ QQ%}
0
_2exp{—aR;7:%D’ (©)

where D = 2ma;a2R12(10.96—0.8R13) (in MeV), Ry =
Ri+ Ry, and a = 11.47+2.069R12—17.32a; as (dimen-
sionless) are the depth, minimum position, and inverse
width of the potential, respectively; Rio = R1Ra2/Rq
(R1,R2 are the radii of the nuclei). Here ay,as ~ 0.54—
0.59 and R is the distance between the centres of nu-
clei.
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Fig.1. (a) The Coulomb interaction Ugc of the system
35A1 4 243Es calculated by the double folding integration
(open squares) and by the analytical expression (solid cir-
cles) as a function of the distance R between the centres
of nuclei, respectively; as well as the Coulomb interac-
tion of the system 3%Al 4 243Es without considering the
deformation (triangles). (b) Difference between the two
results (circles) and the difference between the results by
the analytical expression with and without the deforma-
tion (triangles).

The Coulomb interaction Ug of the system 3°Al
+ 243Es calculated by the double folding integration
formula Eq. (2) (C-INT) and by the analytical expres-
sion (3) (C-ANA) as a function of the distance R be-
tween centres of the nuclei are shown in Fig. 1(a) with
open squares and solid dots, respectively. The ground
state quadrupole deformations of 2®Al and 2*3Es are
B2 = 0.216, and 0.224, respectively. Hereafter all the
deformation parameters are taken from Ref. [13]. Two
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results are nearly overlapping. The difference between
the two results are shown in Fig. 1(b) by circles. The
curve by open triangles in Fig. 1(a) is the Coulomb in-
teraction of the system 3°Al + 243Es without consid-
ering the deformation, for which C-INT and C-ANA
give the same results, and which is lower than the
result with deformation. The difference between the
results by the analytical expression C-ANA with and
without the deformation is indicated in Fig.1(b) by
triangles.
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Fig.2. The nuclear plus Coulomb interaction poten-

tial of the system 3%Al 4+ 243Es calculated by different
ways as a function of R. The curve with open circles
represents the calculation by the double folding integra-
tions of Eq.(4) (N-INT) and C-INT. The curve with up-
triangles denotes the results by N-INT and C-ANA. The
dashed line with open squares shows the calculation by
N-INT+C-ANA but without considering the deformation.
The curve with down-triangles denotes the calculation by
N-ANA+C-INT. The nuclear plus Coulomb interaction
potential of the system (N-ANA(M)+4C-INT) is shown by
the solid line.

The nuclear plus Coulomb interaction potential of
the system Al + 243Es calculated by different ways
as a function of R is shown in Fig.2, in which the
curve with open circles represents the calculation by
the double folding integrations of Eq. (4) (N-INT) and
C-INT, which is thought of as the most precise re-
sult of nuclear plus Coulomb interaction of the sys-
tem presently considered. However, the six-fold inte-
grations for the Coulomb interaction take great com-
putation time. The curve with up-triangles denotes
the results by N-INT and C-ANA, which largely over-
laps with N-INT+C-INT. Since the Coulomb inter-
action by C-INT largely overlaps with that by the
analytical expression C-ANA, it reduces the integra-
tion to three-fold in a good precision. In Fig. 2, the
dashed line with open squares shows the calculation
by N-INT+C-ANA but without considering the de-
formation. The nuclear interaction energy parameter-
ized by the Morse potential of Eq. (6) (N-ANA) was
widely used, e.g. by Adamian et ol In Fig.2, the
curve with down-triangles denotes the calculation by

N-ANA+C-INT, which is highly above all the curves.
The parameterized Morse potential Eq. (6) (N-ANA)
does not take account the deformation. As compared
it with the squares, the deformation in C-INT in-
creases the Coulomb potential energy, and the pa-
rameterized Morse potential formula underestimates
the minus nucleus—nucleus interaction. However, the
strong short range interaction character keeps the po-
sition of the potential pocket unmoved. In Ref. [6] the
parametrized Morse formula was adopted in such a
way that two nuclei were assumed to be spherical but
shifted to a smaller relative distance determined by the
same distance between the nuclear surfaces as the one
of them pertains to the deformed nuclei. In this man-
ner the deformation of the nuclei is simulated in the
nuclear part of the potential, and here we call the cal-
culation N-ANA(M). If the Coulomb interaction was
calculated by C-INT, the nuclear plus Coulomb inter-
action potential of the system (N-ANA(M)+C-INT)
is shown by the solid line in Fig.2. At the bottom
of the pocket it is lower than the result of N-INT+C-
INT for about 4 MeV due to larger deformations of Al
and Es. Obviously, in this way the nucleus—nucleus
interaction has been overestimated. Compared to the
other case the deviation is not too large.

The potential energy governing the nucleon trans-
fer in the DNS is calculated by Eq. (1) as a function of
the parameter 7. Here R is not taken as an indepen-
dent variable in the current calculation, but as R =
R1 + Ry + R4, where Ry is chosen as the value which
gives the minimum value of Ug (41, As)+Un (41, Ag).
For the system °Zn + 2%Pb, the calculation of the
potential energy starts from the entrance configura-
tion (Zn, Pb)= (A4,, As), 1.e. m; = (A, —As)/(Ap+A,).
The one-nucleon transfer from n; to both the sides, no
matter whether it is a neutron or a proton, depends
on which direction the potential energy is lower. Con-
sequently, the driving potential of Eq. (1) is an explicit
function of neutron and proton numbers of fragments.
In Figs.3(a) and 3(b) full circles denote the results
by N-INT+C-INT, and the ground-state quadrupole
deformations of nuclei are considered. The solid line
in Fig.3(a) is by N-INT+C-ANA. Since the analyti-
cal calculation of the Coulomb interaction well repro-
duce the double folding integration, two curves basi-
cally overlap with each other except in the region near
n = 0. Due to our above-mentioned selection rule
of the isotopic composition, the small difference from
the two calculations makes the two cases take differ-
ent N/Z ratios while passing over 7 = 0. Open circles
in Fig. 3(a) are the results by N-INT+C-ANA without
considering the deformation. From Fig. 1, it is obvious
that the deformation increases the Coulomb interac-
tion energy a little, but the deformation decreases the
nuclear interaction potential energy. The larger devi-
ations between the full circles and open ones appear
in the regions of |n| = 0.03 ~ 0.4 and |n| = 0.7 ~ 0.9,
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where nuclei in the DNS have relatively larger de-
formations. Therefore the deformation can greatly
reduce the interaction energy of the DNS, which is
more than the role played by the shell effect. In
Fig. 3(b) open circles are by N-ANA+C-INT without
considering the deformation. It is again above the
full circles by N-INT+C-INT. The asterisks are by N-
ANA+C-INT. The difference between the open circles
and asterisks are from the Coulomb integration with
and without considering the deformation, and more-
over from the different isotopic composition between
the two cases. The solid line is by N-ANA(M)+C-
INT, which is closest to the precise N-INT+C-INT
among the others. There are some deviations at
|n| = 0.1 ~ 0.3 and || = 0.7 ~ 0.9 due to the rela-
tively larger deformations in the regions, and the dif-
ferent parameters used in the two methods. The devi-
ation magnitude and the range are smaller than those
between N-ANA+C-INT with (asterisks) and without
(open circles) considering the deformation, since here
the deformation has been simulated although it has
not been precisely treated. However, the simulation
of the deformation overestimated the nuclear interac-
tion energy.
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Fig. 3. The potential energy governing the nucleon trans-
fer in the DNS shown as a function of the mass param-
eter 7 for the system 7°Zn + 2°8Pb. Closed circles in
(a) and (b) denote the results by N-INT+C-INT. In (a)
the solid line and open circles are by N-INT+C-ANA with
and without deformation respectively. In (b) asterisks and
open circles are the results by N-ANA+C-INT with and
without deformation respectively, and the solid line is by

N-ANA (M)+C-INT.

The nucleus—nucleus interaction potential is very
important for studying the formation and the evolu-
tion of the DNS. For the DNS with deformed nuclei
there are some additional complications for calculating
the nuclear and Coulomb interaction. A better way
is the properly treated double folding method, which
brings with it, however, a very long computation time.
Therefore, some used analytical expressions have been
checked and compared with the double folding treat-
ment. It is concluded that the analytical formula to
calculate the Coulomb interaction by Wongl'?l can
well reproduce the double folding results. However,
the results by the parametrized Morse formula, which
is used to calculate the nuclear interaction, greatly de-
viate from the double folding results, unless the dis-
tance of nuclei is adjusted to be shifted to a smaller
relative distance determined by the same distance be-
tween the nuclear surfaces as one of them pertains to
the deformed nuclei. This is an exact way that Ref. [6]
has used, and here it is indicated that the method is
basically suitable. Using the double folding method
to calculate nuclear interaction and Wong’s analytical
formula to calculate Coulomb interaction can keep a
good precision and can take much less computation
time. However, one must pay attention to the iso-
topic composition of the DNS, which is not difficult
to handle. Furthermore, the fusion probability calcu-
lated by numerically solving the Master equation by
using the driving potential indicates that the differ-
ence at the region nearby 7 = 0 does not change the
fusion probability appreciably.
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