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We report our systematic construction of the lattice Hamiltonian model of topological orders on open surfaces,
with explicit boundary terms. We do this mainly for the Levin-Wen string-net model. The full Hamiltonian in our
approach yields a topologically protected, gapped energy spectrum, with the corresponding wave functions robust
under topology-preserving transformations of the lattice of the system. We explicitly present the wavefunctions
of the ground states and boundary elementary excitations. The creation and hopping operators of boundary
quasi-particles are constructed. It is found that given a bulk topological order, the gapped boundary conditions
are classified by Frobenius algebras in its input data. Emergent topological properties of the ground states and
boundary excitations are characterized by (bi-) modules over Frobenius algebras.
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Matter phases with intrinsic topological orders
(ITOs) not only extend our understanding of phases of
matter far beyond the Landau-Ginzburg paradigm[1,2]

but also may support robust quantum memories[3] and
topological quantum computation.[4−7] Most studies
of the dynamical theories of 2d ITOs have been unfor-
tunately limited to closed surfaces (except Ref. [8–10]
for the Kitaev model on a disk). On the one hand,
closed surface materials are hardly realizable in ex-
periments. This situation hinders the realistic appli-
cability of ITOs. On the other hand, a bulk Hamilto-
nian theory will be incomplete for a system on open
surfaces if its boundary conditions are not specified.
In this Letter, we report our explicit and system-
atic construction of a wide class of boundary Hamil-
tonians for string-net models, to specify the bound-
ary conditions and to be added to the bulk Levin-
Wen bulk Hamiltonian.[11] We present explicit ground-
state wavefunctions and construct creation and hop-
ping operators of boundary excitations in our new ap-
proach. (We have also systematically constructed the
boundary Hamiltonian of the twisted quantum double
model[12] of ITOs, which is to be reported elsewhere.)

We shall make heavy use of the graphic tech-
niques, of which details can be found in the original
references.[11,13] With the graphic rules, a graph equal-
ity can be unambiguously turned into usual algebraic
equations involving tensors. Our notations follow the
conventions in Ref. [13].

Preliminaries: Non-chiral bulk intrinsic topologi-
cal phases in (2+1)-D can be studied by effective dis-
crete topological quantum field theories, such as the
LW model, an exactly solvable Hamiltonian model de-
fined on 2d spatial trivalent graphs. The LW model is
essentially a discrete gauge theory, defined using a uni-

tary fusion category (UFC) 𝒞, e.g. the collection of all
representations of a finite or quantum group, as input
data (see, e.g., Ref. [14]). For simplicity, we assume
that 𝒞 is multiplicity free. The Hamiltonian is defined
in terms of the 6𝑗-symbols over 𝒞. The topological
properties of the LW model, such as the ground state
degeneracy (GSD) and the topological quantum num-
bers of the quasi-particle excitations, are ensured by
their invariance under the change of Γ by the Pachner
moves. There are three elementary Pachner moves,
associated with which are respectively three unitary
linear maps[13] in the ground-state subspace:

,

,

(1)
where 𝑗𝑖’s are inequivalent simple objects (usually
called string types) of 𝒞, 𝐺’s are the symmetric 6𝑗-
symbols[13] over 𝒞 with normalization 𝑣𝑗 = 1/𝐺𝑗*𝑗0

00𝑗 ,
and 𝐷 =

∑︀
𝑗 𝑣

4
𝑗 . These operators yield a unique trans-

formation between the Hilbert spaces before and after
the Pachner moves. We shall denote the unique trans-
formation by 𝒯 , which is independent of the path of
Pachner moves involved.

Frobenius algebra and boundary Hamiltonian: We
propose to use the Frobenius algebras in a UFC to
specify boundary conditions and construct boundary
terms to be added to the LW Hamiltonian. Let 𝐺 be
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a symmetric 6𝑗-symbol over the string-type set 𝐿, the
set of all (inequivalent) simple objects of 𝒞. A Frobe-
nius algebra 𝐴 (in 𝒞) is a subset 𝐿𝐴 of 𝐿 equipped
with a multiplication 𝑓𝑎𝑏𝑐* , satisfying

(associativity)
∑︁
𝑐

𝑓𝑎𝑏𝑐*𝑓𝑐𝑑𝑒*𝐺
𝑎𝑏𝑐*

𝑑𝑒*𝑔v𝑐v𝑔,= 𝑓𝑎𝑔𝑒*𝑓𝑏𝑑𝑔,

(non− degeneracy) 𝑓𝑏𝑏*0 ̸= 0, ∀𝑏 ∈ 𝐿𝐴, (2)

where all indices take values in 𝐿𝐴. Due to the sym-
metry conditions of the symmetric 6𝑗-symbols,[13] the
multiplication has the following defining properties:

(unit) 𝑓𝑏𝑏*0 = 𝑓𝑏0𝑏* = 𝑓0𝑏𝑏* = 1,

(cyclic) 𝑓𝑎𝑏𝑐 = 𝑓𝑐𝑎𝑏,

(strong)
∑︁
𝑎𝑏

𝑓𝑎𝑏𝑐𝑓𝑐*𝑏*𝑎*v𝑎v𝑏 = d𝐴v𝑐, (3)

where d𝐴 =
∑︀

𝑎∈𝐿𝐴
d𝑎 with 𝑑𝑎 = 𝑣2𝑎 is the quantum

dimension of 𝐴.
We can express the associative and strong condi-

tions in a compact way graphically:

,

(4)

.

(5)

Here each vertex carries a multiplication, and an un-
labeled thick line implies a summation over its label
in 𝐿𝐴. We take this convention in graphical equations
throughout this letter.
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Fig. 1. (a) Boundary is a wall carrying open edges 𝑎’s.
Bulk edges are the 𝑗’s. The bulk edges are not open edges,
and they appear so because we neglected the rest of the
bulk. (b) When no quasiparticle exists in bulk, a cylindri-
cal system can be effectively described by a circular wall
with all bulk plaquettes eliminated by Pachner moves.

For simplicity, let us consider a system on an open
surface, outside of which is the vacuum. To each
boundary (component) A, we associate a Frobenius al-
gebra 𝐿𝐴, and attach an open edge (or a tail), labeled
by a string-type 𝑎 ∈ 𝐿𝐴, from the vacuum side to
each boundary edge. See Fig. 1(a), in which the grey

region represents the bulk of the graph, including the
edges along the rim of the grey region. Throughout
this letter, we shall adopt this convention.

Similar to transformations (1), we can use the
Frobenius algebra 𝐴 to define unitary transformations
associated with 1D Pachner moves on the boundaries
of a graph (with 𝑢𝑎 =

√
𝑣𝑎):

,

(6)
where u𝑎 =

√
v𝑎 (sign of square root may be arbitrar-

ily chosen but if fixed once then for all).
With the boundaries, the topological feature of

the entire model is described as follows. The ground-
state Hilbert space is invariant under any transforma-
tion composed of 𝑇2→2, 𝑇1→3, 𝑇3→1 in the bulk and
𝑇1→2, 𝑇2→1 on the boundary. Associativity ensures
that a product of such transformations is unique. We
shall show the uniqueness for boundary Pachner moves
𝑇1→2, 𝑇2→1, as that for bulk Pachner moves shown in
Ref. [13].

Without loss of generality, consider the transfor-
mation from 𝑁1 open edges to 𝑁2 open edges (see
Fig. 2). The composition of 𝑇1→2 and 𝑇2→1 amounts
a graph structure with 𝑁1 input edges and 𝑁2 output
edges, where each trivalent vertex is attached with a
multiplication. From the associativity condition, the
transformation presented by the graph in the dashed
box is unique.

N1

edges

N2

edges

Fig. 2. Sketch of proving the uniqueness of the transfor-
mation associated with boundary Pachner moves.

In ground states, the boundary degrees of freedom
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are restricted to 𝐿𝐴. The boundary Hamiltonian reads

𝐻bdry = −
∑︁
𝑛

𝑄𝑛 −
∑︁
𝑝

𝐵𝑝, 𝐵𝑝 =
1

d𝐴

∑︁
𝑡∈𝐿𝐴

v𝑡𝐵
𝑡

𝑝.

(7)
Here 𝑄𝑛 is a boundary edge operator acting on open
edge 𝑛, which projects the boundary d.o.f. to 𝐿𝐴 ⊆ 𝐿:

∈

(8)

And 𝐵
𝑡

𝑝 acts on a boundary open plaquette between
a pair of nearest neighboring open edges:

(9)
Following the same convention as in Eq. (2), We

can write 𝐵𝑝 in a more compact fashion as

.

(10)
The marked (×) plaquette will be annihilated by the
boundary Pachner moves to generate the coefficients
in Eq. (9).

Boundary terms 𝑄𝑣 and 𝐵𝑝 are shown to be
projections commuting with bulk terms 𝑄𝑣′ , 𝐵𝑝′ and
other boundary terms 𝑄𝑣′′ , 𝐵𝑝′′ . Correspondence
properties between bulk and boundary operators are
summarized in Table 1.
Table 1. Correspondence between bulk and boundary opera-
tors.

Bulk Boundary
𝐵𝑝=Δ = 𝑇1→3𝑇3→1 𝐵𝑝 = 𝑇1→2 · 𝑇2→1

𝐵𝑝 = 1
𝐷

∑︀
𝑠 d𝑠𝐵

𝑠
𝑝 𝐵𝑝 = 1

d𝐴

∑︀
𝑎 v𝑎𝐵

𝑎
𝑝

𝐵𝑟
𝑝𝐵

𝑠
𝑝 =

∑︀
𝑡 𝛿𝑟𝑠𝑡*𝐵

𝑡
𝑝 𝐵

𝑎
𝑝𝐵

𝑏
𝑝 =

∑︀
𝑐 𝛿𝑎𝑏𝑐*𝐵

𝑐
𝑝

Ground states: A (right) module over Frobenius al-
gebra 𝐴 is a tensor 𝜌𝑎𝑗1𝑗2 , with 𝑎 ∈ 𝐿𝐴 and 𝑗1, 𝑗2 ∈ 𝐿,
satisfying

.

(11)

Here a box 𝜌 at a vertex means that the tensor 𝜌 is
associated with the vertex (e.g., 𝜌𝑐𝑗1𝑗2 on the right-
hand side, with a summation over 𝑐). We denote all
modules over 𝐴 by Mod𝐴.

ModD

ModA

ModB

ModA

ModC

Fig. 3. A surface with multiple disconnected boundaries.
An 𝐴-boundary has a Mod𝐴 ground state basis.

The local ground states on a boundary component
𝐴 is characterized by Mod𝐴. See Fig. 3. The basis
(for 𝑀 ∈ Mod𝐴) is given by

Φ

(12)

Nevertheless, Φ𝑀 may not belong to a ground state of
the entire system. The global constraint for no quasi-
particle in the bulk may mix local basis on different
boundary components. In the following, without loss
of generality, we consider the cases on a disk and a
cylinder, respectively, with no quasiparticles in the
bulk.

On a disk, we can apply the 𝒯 transformation to
shrink the bulk graph to a single plaquette, bounded
by a circle with outward open edges, as in the follow-
ing equation. The ground state is non-degenerate and
expressed by

|Φ⟩ =
∑︁
𝑀

d𝑀 |Φ𝑀 ⟩ , (13)

Φ

(14)
A cylinder with 𝐴- and 𝐵-boundaries can be effec-

tively studied on a circular wall (see Fig. 1(b)). The
ground states may be degenerate. The ground state
degeneracy (GSD) in terms of 𝑓 and 𝐺 is explicitly

077103-3

http://cpl.iphy.ac.cn


CHIN.PHYS. LETT. Vol. 34, No. 7 (2017) 077103 Express Letter

computed by

GSD =
1

d2𝐴

∑︁
𝑠𝑡

v𝑠v𝑡
∑︁
𝑖𝑖′𝑗𝑗′

d𝑖d𝑗d𝑖′d𝑗′

×
∑︁
𝑎𝑎′𝑏𝑏′

v𝑎v𝑏v𝑎′v𝑏′𝑓𝑠*𝑎′*𝑎𝑓𝑎′𝑠𝑎*𝑔𝑡*𝑏′*𝑏𝑔𝑏′𝑡𝑏*

×𝐺𝑗*𝑖𝑏*

𝑡*𝑏′*𝑗′𝐺
𝑖*𝑎*𝑗
𝑗′𝑏′*𝑖′𝐺

𝑗′𝑏𝑖′*

𝑏′*𝑖*𝑡𝐺
𝑠*𝑎′*𝑎
𝑗′𝑖′*𝑖 𝐺𝑠*𝑖𝑖′*

𝑏*𝑗′*𝑗𝐺
𝑎𝑖𝑗*

𝑗′*𝑠*𝑎′* .
(15)

The global constraint on the Mod𝐴 and Mod𝐵 ba-
sis leads to a (slightly generalized) (𝐴,𝐵)-bimodule
structure 𝑃 satisfying

(16)

for 𝑗1, 𝑗2 ∈ 𝐿, 𝑎 ∈ 𝐿𝐴, and 𝑏, 𝑐 ∈ 𝐿𝐵 . Note that a
box 𝑃 is not a 4-valent vertex but a composition of
two trivalent vertices (in general, two trivalent vertices
may carry extra indices). We denote the collection of
all (𝐴𝐵-bimodules by Mod𝐴|𝐵 . GSD equals the total
number of (𝐴,𝐵)-bimodules. The ground state basis
is similarly expressed as in Eq. (14), with 𝜌 replaced
by 𝑃 .

Boundary excitations: The elementary boundary
excitations are characterized by topological quasipar-
ticles. On an 𝐴-boundary component, quasiparticle
species are identified with the (𝐴,𝐴)-bimodules. We
construct a creation operator 𝑊𝑀 to create a pair of
quasiparticles:

(17)

for 𝑀 ∈ Mod𝐴|𝐴. In this example, the operator
𝑊𝑀 creates an 𝑀 -type and 𝑀*-type quasiparticles on
both neighboring open edges of the middle open edge.
By acting creation operators on ground states, we get
an elementary boundary excitation basis 𝑊𝑀 |Φ⟩.

Quasiparticles can move along the boundary under
the hopping operator 𝐻𝑀 defined by

,

(18)

which hops an 𝑀 -type quasiparticle initially at the
bottom open edge upward across the edge.

An example: Consider the input data for Fibonacci
model has Label set 𝐿 = {0, 2}, sometimes denoted by

{1, 𝜏}. Let 𝜑 = 1+
√
5

2 be the golden ratio. The quan-
tum dimensions are d0 = 1 and d2 = 𝜑. The fusion
rules are 𝛿000 = 𝛿022 = 𝛿222 = 1, 𝛿002 = 0, and the
nonzero independent 6𝑗-symbols 𝐺 are given by

𝐺000
000 = 1, 𝐺022

022 = 𝐺022
222 = 1/𝜑,

𝐺000
222 = 1/

√︀
𝜑, 𝐺222

222 = −1/𝜑2. (19)

There are two Frobenius algebras: 𝐴1 = 0, or
𝐴2 = 0⊕ 2. Each 𝑗 ∈ 𝐿 is an 𝐴1-module, with action
[𝜌𝑗 ]

0
𝑗𝑗 = 1. For 𝐴2, 𝐿𝐴 = {0, 2}, and 𝑓222 = 𝜑−3/4.

The Frobenius algebra 𝐴2 has two modules: (1) 𝑀0

is 𝐴2 itself, with [𝜌𝑀0
]𝑎𝑗𝑘 = 𝑓𝑎𝑘*𝑗 ; (2) 𝑀1 = 2, with

[𝜌𝑀1 ]
2
22 = −𝜑1/4. The two Frobenius algebras 𝐴1 and

𝐴2 give rise to equivalent boundary conditions. They
both lead to two boundary quasiparticles species and
𝐺𝑆𝐷 = 2 on cylinder.

Discussion: Here we first elaborate on our motiva-
tions. Gapping conditions and GSD of Abelian ITOs
on open surfaces have recently been understood.[15−24]

For non-Abelian ITOs on open surfaces, the gap-
ping conditions and GSD counting have recently been
solved by the mechanism of anyon condensation[25,26]

and by solving certain algebraic equations.[27] These
studies of ITOs on open surfaces are however alge-
braic and non-dynamical, which limits their applica-
bility, because they lack a Hamiltonian with explicit
boundary terms.

On the other hand, the ground states of an ITO
can be effectively described by a continuum Chern-
Simons gauge theory. A Chern-Simons theory on an
open surface must contain a boundary term,[28] other-
wise the bulk Chern-Simons action is not gauge invari-
ant in the presence of spatial boundary. This fact is
usually interpreted as the holographic correspondence
between the bulk and the boundary. Such hologra-
phy exists generally in ITOs in two spatial dimen-
sions. Dynamical theories of topological orders are
nevertheless usually formulated using discrete Hamil-
tonian models. It is thus desirable to demonstrate how
the holographic principle works in discrete dynamical
models for 2d ITOs.

Our approach has the following advantages over
the existing approaches to gapped ITOs on open sur-
faces. First, our approach depends on the input data
of the model, respecting the usual Hamiltonian dy-
namics. Second, our boundary Hamiltonians, together
with the input data, automatically classify the gapped
boundaries and domain walls of ITOs. Third, by solv-
ing the total Hamiltonian, we can obtain the explicit
wave functions of the ground and excited states, all in
the form of tensor network states. This will provide
us a very detailed dynamic understanding of the sta-
tionary topological states of the whole bounded sys-
tem, especially about what is happening on and near
the boundary. For example, our model will enable
us to study the boundary excitations explicitly. Also
anyon condensation will be understood at more mi-
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croscopic scales. These studies will be reported later
separately. Moreover, certain Abelian[29] and non-
Abelian ITOs[30,31] on the torus have recently been
experimentally simulated on physical systems by im-
posing periodic boundary conditions. Our approach
would make experimental simulation of ITOs on open
surfaces possible, and may help construct new quan-
tum computing codes using the boundary states.

Note added: In preparation of this letter, we no-
ticed a very recent work[32] by Wang, Wen and Witten
that constructed the gapped interfaces between sym-
metry protected topological and symmetry enriched
topological states for finite groups.

We appreciate Zhenghan Wang, Liang Kong, Ren
Pankovich, Zhu-Xi Luo, and Ethan Lake for discus-
sions.

References
[1] Wen X G 1989 Phys. Rev. B 40 7387(R)
[2] Wen X G 1991 Int. J. Mod. Phys. B 5 1641
[3] Dennis E, Kitaev A, Landahl A and Preskill J 2002 J. Math.

Phys. 43 4452
[4] Kitaev A 2003 Ann. Phys. 303 2
[5] Freedman M, Kitaev A, Preskill J and Wang Z 2003 Bull.

Amer. Math. Soc. 40 31
[6] Stern A and Halperin B 2006 Phys. Rev. Lett. 96 016802
[7] Nayak C, Stern A, Freedman M and Das Sarma S 2008 Rev.

Mod. Phys. 80 1083
[8] Beigi S, Shor P and Whalen D 2011 Commun. Math. Phys.

306 663
[9] Cong I, Cheng M and Wang Z 2016 arXiv:1609.02037 [cond-

mat.str-el]
[10] Cong I, Cheng M and Wang Z 2017 arXiv:1703.03564 [cond-

mat.str-el]
[11] Levin M A and Wen X G 2005 Phys. Rev. B 71 045110
[12] Hu Y, Wan Y and Wu Y S 2013 Phys. Rev. B 87 125114
[13] Hu Y Stirling S and Wu Y S 2012 Phys. Rev. B 85 075107
[14] Wu Y S 2016 Mod. Phys. Lett. B 30 1630003
[15] Kitaev A and Kong L 2012 Commun. Math. Phys. 313 351
[16] Levin M 2013 Phys. Rev. X 3 021009
[17] Kong L 2014 Nucl. Phys. B 886 436
[18] Barkeshli M Jian C M and Qi X L 2013 Phys. Rev. B 88

241103
[19] Barkeshli M, Jian C M and Qi X L 2013 Phys. Rev. B 88

235103
[20] Wang J and Wen X G 2015 Phys. Rev. B 91 125124
[21] Hung L Y and Wan Y 2013 Phys. Rev. B 87 195103
[22] Iadecola T, Neupert T, Chamon C and Mudry C 2014 Phys.

Rev. B 90 205115
[23] Barkeshli M, Oreg Y and Qi X-L 2014 arXiv:1401.3750

[cond-mat.str-el]
[24] Barkeshli M, Berg E and Kivelson S 2014 Science 346 722
[25] Hung L Y and Wan Y 2015 Phys. Rev. Lett. 114 076401
[26] Hung L Y and Wan Y 2015 J. High Energy Phys. 1507 120
[27] Lan T, Wang J C and Wen X G 2015 Phys. Rev. Lett. 114

076402
[28] Elitzur S, Moore G, Schwimmer A and Seiberg N 1989 Nucl.

Phys. B 326 108
[29] Peng Y and Du J 2016 arXiv:1608.06963 [quant-ph]
[30] Lesanovsky I and Katsura H 2012 Phys. Rev. A 86 041601
[31] Li K, Wan Y, Huang L Y, Lan T, Long G, Lu D, Zeng B

and Laflamme 2017 Phys. Rev. Lett. 118 080502
[32] Wang J, Wen X-G and Witten E 2017 arXiv:1705.06728

[cond-mat.str-el]

077103-5

Chin. Phys. Lett.
References

Chin. Phys. Lett.
References

Chin. Phys. Lett.
References

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

Reference Title:
Ref

http://cpl.iphy.ac.cn
http://dx.doi.org/10.1103/PhysRevB.40.7387
http://dx.doi.org/10.1142/S0217979291001541
http://dx.doi.org/10.1063/1.1499754
http://dx.doi.org/10.1063/1.1499754
http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://dx.doi.org/10.1090/S0273-0979-02-00964-3
http://dx.doi.org/10.1090/S0273-0979-02-00964-3
http://dx.doi.org/10.1103/PhysRevLett.96.016802
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1007/s00220-011-1294-x
http://dx.doi.org/10.1007/s00220-011-1294-x
http://arxiv.org/abs/1609.02037
http://arxiv.org/abs/1703.03564
http://dx.doi.org/10.1103/PhysRevB.71.045110
http://dx.doi.org/10.1103/PhysRevB.87.125114
http://dx.doi.org/10.1103/PhysRevB.85.075107
http://dx.doi.org/10.1142/S0217984916300039
http://dx.doi.org/10.1007/s00220-012-1500-5
http://dx.doi.org/10.1103/PhysRevX.3.021009
http://dx.doi.org/10.1016/j.nuclphysb.2014.07.003
http://dx.doi.org/10.1103/PhysRevB.88.241103
http://dx.doi.org/10.1103/PhysRevB.88.241103
http://dx.doi.org/10.1103/PhysRevB.88.235103
http://dx.doi.org/10.1103/PhysRevB.88.235103
http://dx.doi.org/10.1103/PhysRevB.91.125124
http://dx.doi.org/10.1103/PhysRevB.87.195103
http://dx.doi.org/10.1103/PhysRevB.90.205115
http://dx.doi.org/10.1103/PhysRevB.90.205115
http://arxiv.org/abs/1401.3750
http://dx.doi.org/10.1126/science.1253251
http://dx.doi.org/10.1103/PhysRevLett.114.076401
http://dx.doi.org/10.1007/JHEP07(2015)120
http://dx.doi.org/10.1103/PhysRevLett.114.076402
http://dx.doi.org/10.1103/PhysRevLett.114.076402
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://arxiv.org/abs/1608.06963
http://dx.doi.org/10.1103/PhysRevA.86.041601
http://dx.doi.org/10.1103/PhysRevLett.118.080502
http://arxiv.org/abs/1705.06728

	Title
	Eq. (1)
	Eq. (2)
	Eq. (3)
	Eq. (4)
	Eq. (5)
	Fig. 1
	Eq. (6)
	Fig. 2
	Eq. (7)
	Eq. (8)
	Eq. (9)
	Eq. (10)
	Table-1
	Eq. (11)
	Fig. 3
	Eq. (12)
	Eq. (13)
	Eq. (14)
	Eq. (15)
	Eq. (16)
	Eq. (17)
	Eq. (18)
	Eq. (19)
	References

