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Topological phase transition in a single material usually refers to transitions between a trivial band insulator and
a topological Dirac phase, and the transition may also occur between different classes of topological Dirac phases.
It is a fundamental challenge to realize quantum transition between 𝑍2 nontrivial topological insulator (TI) and
topological crystalline insulator (TCI) in one material because 𝑍2 TI and TCI have different requirements on the
number of band inversions. The 𝑍2 TIs must have an odd number of band inversions over all the time-reversal
invariant momenta, whereas the newly discovered TCIs, as a distinct class of the topological Dirac materials
protected by the underlying crystalline symmetry, owns an even number of band inversions. Taking PbSnTe2
alloy as an example, here we demonstrate that the atomic-ordering is an effective way to tune the symmetry of
the alloy so that we can electrically switch between TCI phase and 𝑍2 TI phase in a single material. Our results
suggest that the atomic-ordering provides a new platform towards the realization of reversibly switching between
different topological phases to explore novel applications.

PACS: 73.43.Nq, 71.20.Nr, 73.20.At, 71.15.Mb DOI: 10.1088/0256-307X/35/5/057301

Topological insulators (TIs)[1−8] are an emerging
class of quantum materials, which are nontrivial un-
der the 𝑍2 topological classification (i.e., 𝑍2 = 1)
usually resulting from band inversions occurring at
an odd number of time-reversal-invariant momenta
(TRIMs). These materials possess topological surface
states spanning the insulating bulk bandgap, when
they are placed next to a vacuum or a 𝑍2 topolog-
ical trivial material, owing to the impossible change
of the characterized topological invariant in crossing
the interface between them without closing the band
gap.[9] These spin-momentum-locked helical surface
states exhibit Dirac-cone energy dispersion across the
bulk bandgap, and are topologically protected by the
time-reversal symmetry (TRS).[2,6,7,9] However, some
materials such as SnTe also possess band inversions,
whereas they are 𝑍2 topological trivial because their
band inversions occur at an even number of TRIMs
(e.g., SnTe band inversions occur at 4 𝐿-points.[10,11]

Recent theoretical results followed by experimental
validations have suggested that these materials are
topological crystalline insulators (TCIs),[12−15] a sub-
class of topological insulators in which the underlying
crystalline symmetry replaces the role of the TRS in
ensuring a new topological invariant of mirror Chern

number instead of the 𝑍2 index.
𝑍2 TI and TCI have very distinct topology of

surface electronic structures,[16−18] despite their com-
mon characteristics of topological protected gapless
spin-momentum-locked surface states and an intrin-
sic orbital texture switch occurring exactly at the
Dirac point.[19,20] For instance, the Dirac points in
𝑍2 TIs are nailed to TRIMs as a result of TRS
protection,[4−8,21] whereas the Dirac points in TCIs
are away from the TRIMs,[13−18] demonstrating their
irrelevance to the TRS-related protection. As a conse-
quence of different topological invariants, the 𝑍2 topo-
logical states are robust against general time-reversal
invariant perturbations, however, the TCI topologi-
cal states have a much wider range of tunable elec-
tronic properties under various perturbations, such
as structural distortion, magnetic dopant, mechanical
strain, thickness engineering, and disorder. Specif-
ically, topological surface states in the 𝑍2 TIs are
susceptible to TRS-breaking disorders such as mag-
netic defects; however, in the TCI system it is pos-
sible to realize magnetic yet topologically protected
surface states due to its irrelevance to the TRS, which
is a fundamentally distinct from the 𝑍2 TIs. Subse-
quently, the magnetic and superconducting orders in
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the TCI surface states can be disparate from those ob-
served in the 𝑍2 TIs. Perturbations without breaking
TRS in the TCIs can move Dirac points in momen-
tum space, mimicking the effect of a gauge field vec-
tor potential,[22] and open an energy gap at the Dirac
point, generating Dirac mass.[23,24] Changing the al-
loying composition[25] or applying a strain[18,22] are
two recently demonstrated effective ways of moving
surface Dirac points in TCIs. Moreover, accompany-
ing the formation of offspring Dirac cones, both Lif-
shitz transitions and Van Hove singularity (VHS) were
aware of the existing in TCI band structures.[20,23]

Considering the broad applications of magnetic ma-
terials in modern electronics, such topologically pro-
tected surface states compatible with magnetism will
be of considerable interest regarding integrating TI
materials into future electronic devices. Because 𝑍2

TI and TCI topological states have their own unique
topological features, the feasibility of reversible topo-
logical phase transition between 𝑍2 TI and TCI phases
in a single material is highly desirable to explore novel
applications.

Although some attempts have been made to
achieve such topological phase transition by reducing
the crystal lattice symmetry through strain engineer-
ing or forming surfaces,[10,11] to the best of our knowl-
edge, it has not been realized either in theoretical pre-
dictions or experimental observations. For instance,
Fu et al.[10] proposed, in their pioneering study of 𝑍2

TIs, that an uniaxial strain applied along the [111] di-
rection to the Pb𝑥Sn1−𝑥Te alloy separates in energy
the 𝐿 point along the [111] direction from three re-
maining 𝐿 points and may result in an odd number
of band inversions (thus realizing the 𝑍2 TI phase)
at certain composition 𝑥. However, we found that
such proposal will not work because Pb𝑥Sn1−𝑥Te al-
loy becomes metallic before occurring odd number of
band inversions, after analyzing the band structure of
PbTe and SnTe (Figure S1 in the Supplemental Mate-
rial). In this Letter, we propose an alternative scheme
to achieve for the first time the unusual topological
phase transition between 𝑍2 TI and TCI in a single
material via atomic-ordering. We consider PbSnTe2
alloy as a prototype to demonstrate that the atomic
ordering of this alloy into the CuPt phase breaks the
four (parent) equivalent rocksalt 𝐿 points into one
(child) Γ and three (child) 𝐹 points with non-identical
bandgaps. Subsequently, as schematically shown in
Fig. 1(a), an electrical controllable strain applied to
the CuPt-ordered PbSnTe2 alloy drives gap-closing
first at the child Γ point (becoming odd number of
band inversions) and then at the three equivalent child
𝐹 point (becoming a normal insulator), consequently,
achieving a reversible quantum transition between 𝑍2

TI and TCI phases.
The group IV chalcogenide SnTe is a prototype

TCI. It possesses a rocksalt crystal structure with 𝑂ℎ

symmetry at room temperature, and its fundamental
band gap occurs at four equivalent 𝐿 points in the
face-centered-cubic (FCC) Brillouin zone (BZ). De-
spite the fact that Sn sits between Ge and Pb in the
same column of the periodic table, SnTe is a TCI with
inverted bandgaps whereas PbTe and GeTe are nor-
mal trivial insulators.[26] We can easily engineer these
(rocksalt) group IV chalcogenides from normal insula-
tor to TCI or vice versa by forming random mixed-
cation chalcogenide alloys,[27] but not from TCI to 𝑍2

TI because the bandgaps of these alloys always occur
at even (four) equivalent 𝐿 points. The unusual TCI
to 𝑍2 TI topological phase transition may become pos-
sible if the alloys form lower symmetry ordered phases
that break the symmetry and the equivalence of 𝐿
points in rocksalt structure. Many III–V zinc-blende
semiconductor alloys exhibit spontaneous CuPt-like
ordering when grown epitaxially on lattice-matched
substrate[28] and for IV–VI rocksalt lead chalcogenides
alloys CuPt-like ordering is predicted to be the most
stable phase in coherent growth.[29] To confirm this,
we have calculated, using the first-principles density
functional theory (DFT) (see Supplemental Mate-
rial for more details of the computational method),
the alloy formation energies ∆𝐻𝑓 (𝜎,𝐴1−𝑥𝐵𝑥𝐶) =
𝐸 (𝜎,𝐴1−𝑥𝐵𝑥𝐶)− [(1−𝑥)𝐸 (𝐴𝐶)+𝑥𝐸 (𝐵𝐶)] at com-
position 𝑥 = 0.5 (with configuration 𝜎 in random
structure and common ordered alloy structures[29]).
The ordered configurations 𝜎 we studied are CuPt
[(1,1) superlattice along the (111) direction], CuAu
[(1,1) superlattice along the (001) direction], chalcopy-
rite [(2,2) superlattice along the (201) direction], Y2
[(2,2) superlattice along the (110) direction], and Z2
[(2,2) superlattice along the (001) direction]. The ran-
dom alloy is modeled here using the “special quasi ran-
dom structures” (SQS) approach.[30] These results are
summarized in Table SI in the Supplemental Mate-
rial. We find that the CuPt-ordered structure with
a point group of 𝐷3𝑑 indeed has the lowest forma-
tion energy, indicating that rocksalt 𝐴𝐵𝐶2 (𝐴 or
𝐵 = Ge, Sn, Pb, 𝐶 = Te, Se) alloys can spontaneously
order in the CuPt structure during lattice matched
coherent growth. This finding is expected because
the CuPt structure possesses the smallest strain en-
ergy over all the alloy structures because it can al-
low all nearest cation-anion bonds to attain their re-
spective ideal equilibrium lengths with the minimum
bond bending.[29] As a result, the energy differences
between the ground state CuPt structure and the SQS
structure of the 𝐴𝐵𝐶2 (𝐴 or 𝐵 = Ge, Sn, Pb; 𝐶 = Te,
Se) alloys increase monotonically with the magnitude
of the lattice mismatch between the two end con-
stituents, as shown in Table SI. Our prediction is
consistent with extensive experimental observations of
CuPt-ordered structure widely in the III–V,[31−34] II–
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VI,[35,36] and IV–VI[37] semiconductor alloys.
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Fig. 1. Electrically control of reversible quantum phase
transition between topological crystalline insulator (TCI)
and 𝑍2 topological insulator TI. (a) Sketch of the strain-
tunable topological phase transition among topological
crystalline insulator (TCI), topological insulator (TI), and
normal insulator (NI). The top layer is the CuPt ordered
PbSnTe2 alloy. The bottom layer is the piezoelectric ma-
terials (PEM), which can change the in-plane strain by
applying voltage. (b) Band gaps at Γ and 𝐹 points as
a function of biaxial strain, and the topological invariant
quantity 𝑍2 (here only the strong topological index 𝜐0 is
shown for 3D system) as a function of biaxial strain for
the CuPt ordered alloy. (c) The schematic evolution of
band edges at Γ and 𝐹 points as a function of biaxial
strain (0.9%–1.3%) in the CuPt-ordered PbSnTe2 alloy.
The subscript (minus and plus signs) represent the odd
and even parities, respectively.

The CuPt-ordered alloy structure possesses a dou-
ble sized rhombohedral unit cell and thus half the
BZ compared to the parent rocksalt structure, along
with a symmetry reduction from 𝑂ℎ to 𝐷3𝑑 (𝑅3𝑚
space group), as shown in Figs. 2(a) and 2(b). As
a consequence, four equivalent 𝐿 points in the rock-
salt BZ transform separately to one Γ point and three
𝐹 points in the reduced CuPt-like structure BZ, in
which Γ and 𝐹 are no longer symmetry-equivalent.[38]

The bandgaps at Γ and 𝐹 points may become non-
identical owing to the fact that they have different
symmetries, which control the inter-band coupling.
Therefore, CuPt-ordered 𝐴𝐵𝐶2 (𝐴 or 𝐵 = Ge, Sn,
Pb; 𝐶 = Te, Se) alloys provide an ideal test bed for
exploring the topological phase transition from TCI
to 𝑍2 TI through engineering the band structure. If
band inversion occurs only at the Γ point but not
at remaining TRIM 𝑘 points, the CuPt-ordered al-
loy becomes a Γ -phase 𝑍2 TI;[39] if band inversions
occur exclusively at three equivalent 𝐹 points or at
both Γ and 𝐹 points, the alloy becomes translation-
ally active phase TI[39] or TCI like in the SnTe, re-
spectively. Figure S2 in the Supplemental Material
shows the first-principles calculation band structure
of CuPt-ordered PbSnTe2 alloy with the equilibrium

lattice constant using the modified Becke and John-
son exchange potential.[40] The bandgaps at Γ and 𝐹
points are indeed non-identical with values of 42.5 and
19.4 meV, respectively, although both of them are de-
rived from the symmetry equivalent 𝐿 points in the
parent rocksalt group-IV tellurides. By analyzing the
wave function characters, we find that the conduc-
tion band edge (CBE) at the Γ point mainly comes
from the anion 𝑝 orbital with an even parity (+) and
the valence band edge (VBE) from the cation 𝑝 or-
bital with an odd parity (−). Such band order is
same as the 𝐹 point as well as in the SnTe, indicat-
ing bandgaps at both Γ and 𝐹 points are inverted
and the PbSnTe2 alloy is a TCI.[17] The non-identical
bandgaps at Γ and 𝐹 points, which are an unique
property of CuPt-ordered PbSnTe2 alloy, provide us
an opportunity to realize the quantum phase transi-
tion from TCI to 𝑍2 TI, considering that we could
further engineer the band structure of the alloy to en-
sure band inversions occurring separately at Γ and 𝐹
points, e.g., by applying strain or pressure.
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Fig. 2. Band structure of CuPt-order PbSnTe2 alloy un-
der biaxial strain. (a) Crystal structures of CuPt ordered
PbSnTe2 alloy. (b) Brillouin zone for CuPt alloy with
space group 𝑅3𝑚. (c) Bulk band dispersions of CuPt-
order PbSnTe2 alloy under 1.13% tension strain are shown
along high-symmetry lines 𝑍 (0 0 0.5)–Γ (0 0 0)–𝐹 (0
0.5 0.5)–𝐿 (0 0.5 0)–𝐾 (0.31,0.66,0.66) calculated by the
modified Becke and Johnson exchange potential. In the
CuPt structure, the four equivalent 𝐿 points in the rock-
salt phase project into one Γ and three equivalent 𝐹 points
(i.e. “4=1+3”). The bottom plots show the band charac-
ter of CBE and VBE near the Γ and 𝐹 points, respec-
tively. The wide green and narrow red lines indicate that
the band is dominated by the anion (Te) 𝑝 and cation
(Sn and Pb) 𝑝 states, respectively, and the corresponding
parities are also labeled. (d)–(g) The charge density dis-
tribution of the VBE (d, f) and CBE (e, g) at the Γ , and
𝐹 point, respectively. The value of the isosurfaces is set
to 3× 103 𝑒/Å3.

The strain has been demonstrated to be a particu-
lar compelling tuning “knob" to engineer the electronic
band structure,[18,22,41] as it can tune the interatomic
lattice spacing and induce an accompanying adjust-
ment in the electronic band structure for a fixed chem-
ical composition. In TCIs, for example, strain has
been explored to generate pseudo-magnetic fields and
helical flat bands,[22] to engineer the phase transition
from normal insulator to TCI,[41] and to finely modify
the characteristics of the topological surface bands.[18]

Controllable manipulation of strain is necessary for
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the creation of suitable platforms for applications
in the growing field of straintronics.[18] A promising
pathway may involve the use of electric-field-induced
strains,[42] in which the change of inter-atomic lattice
spacing is relying on the piezoelectric response of a
piezoelectric material substrate to the electric field.
The piezoelectric effect is the linear electromechanical
interaction between the mechanical and the electrical
state in a crystal. A reversible electric-field-induced
strain of over 5% has been reported, e.g., in BiFeO3

films[42] and piezoelectric-induced strains have been
employed, e.g., to tune semiconductor quantum dots
for strain-tunable entangled-light-emitting diodes.[43]

Here we propose to place the PbSnTe2 alloy film onto
a piezoelectric actuator via gold-thermocompression
bonding, as described in Ref. [43], allowing the in situ
application of on-demand biaxial strains by tuning
the voltage (electric field), as schematically shown in
Fig. 1. By sweeping the gate voltage applied to the
piezoelectric actuator from negative to positive and
vice versa, we can reversibly tune the biaxial strain
applied to the PbSnTe2 alloy from the compressive
(negative) to the tensile (positive).

Upon application of 1.13% tensile strain, we in-
deed find that the CuPt-ordered TCI PbSnTe2 alloy
becomes a 𝑍2 TI, achieving a novel topological phase
transition from TCI to 𝑍2 TI. Figure 2(c) shows that,
at the Γ point, the state of the CBE mainly comes
from the anion 𝑝 orbital with an even parity (+) and
the state of the VBE from the cation (Pb) 𝑝 orbital
with an odd parity (−). Such band order is same as
in the TCI SnTe and is thus inverted. However, at
𝐹 points, the state of the CBE mainly arises from the
cation 𝑝 orbital (−) and the state of the VBE from the
anion 𝑝 orbital (+), being opposite to the band order
in the TCI SnTe. We assign the PbSnTe2 alloy un-
der 1.13% tensile strain as a Γ -phase 𝑍2 TI because
it has one band inversion (at the Γ point). To fur-
ther confirm our assignment, we have calculated the
𝑍2 topological invariants (see Supplemental Material)
following the procedure introduced by Soluyanov and
Vanderbilt.[44] We find its 𝑍2 being (1;000), which is
an index of a strong 𝑍2 TI,[39] despite that its end
constitute SnTe is a TCI and PbTe is a trivial band
insulator.

We next examine topological properties of the
CuPt-ordered PbSnTe2 alloy in a wide range of
strains. Figure 1(b) shows the band-edge evolutions of
PbSnTe2 alloy as a function of biaxial strain from 0.9%
to 1.3%. The CBEs at both Γ and 𝐹 points shift at
the same rate to lower energy, whereas VBEs to higher
energy also at the same rate, as reducing the strain.
Such responses of CBEs and VBEs to applied strain
are expected for bonding and anti-bonding states, re-
spectively. Because of distinct bandgaps at Γ and 𝐹
points, there are two critical points 𝑐𝐹 (=1.02%) and

𝑐Γ (=1.16%), corresponding to the strains where band
order changing occurs at 𝐹 and Γ points, respectively.
From band edge evolutions, we can straightforwardly
find that, when strain is smaller than 𝑐Γ (left area
in Fig. 1(b)), band inversions occur at both Γ and 𝐹
points in the PbSeTe2 alloy, which remains a TCI be-
ing 𝑍2 trivial (i.e., 𝑍2 = (0;000)) but Mirror Chern
number nontrivial. As we continuously increase the
applied tensile strain to exceed 𝑐𝐹 but smaller than 𝑐Γ
(middle area in Fig. 1(b)), band order changes to nor-
mal at 𝐹 points but remains inverted at the Γ point,
therefore PbSeTe2 alloy becomes a 𝑍2 TI (i.e., 𝑍2 =
(1;000), as shown in the bottom of Fig. 1(b)). When
we further increase the applied strain larger than 𝑐Γ ,
there is no band inversion occurring in PbSeTe2 alloy
at both Γ and 𝐹 points or any other 𝑘 points, indi-
cating PbSeTe2 alloy within this strain range being a
trivial normal insulator (i.e., 𝑍2 = (0;000)). There-
fore, we have demonstrated, for the first time, the un-
usual topological phase transition from TCI to 𝑍2 TI,
in addition to the quantum phase transition between
normal insulator and 𝑍2 TI. Such unusual topologi-
cal transition is reversible since it is achieved with a
combination of atomic ordering and strain, which can
be electrically controlled by the gate electric fields via
the piezoelectric effect. These transitions can be per-
formed reversibly using the electric field to control the
strain, as schematically illustrated in Fig. 1(a).

It is interesting to note that the strain can also
drive the PbSnTe2 alloy to become three-dimensional
(3D) topological Dirac materials (TDMs), at two tran-
sition points 𝑐Γ (between 𝑍2 TI and normal insulator)
and 𝑐𝐹 (between 𝑍2 TI and TCI), respectively. The
3D TDMs are another novel state of quantum matter,
being viewed as a 3D graphene with linear energy dis-
persions along all three momentum directions rather
than in a two-dimensional (2D) plane of the Dirac
fermions in graphene or on the surface of 3D topo-
logical insulators. At transition point 𝑐Γ , PbSnTe2
alloy owns a single 3D Dirac cone, whereas it pos-
sesses three 3D Dirac cones at 𝑐𝐹 point. Each 3D
Dirac cone in a TDM is composed of two overlap-
ping Weyl fermions,[45−47] which can be separated in
the momentum space, by breaking the time reversal
or inversion symmetry, to form the topological Weyl
semimetal, a new topological quantum state exhibit-
ing unique Fermi arcs on the surface.[48,49]

Having realized the transition between 𝑍2 TI and
TCI, we turn to compare the topological surface band
structures between 𝑍2 TI and TCI phases in the
CuPt-ordered PbSnTe2 alloy. Owing to the CuPt-
ordered structure is symmetric about the {110} mirror
planes, we calculate band structures of [001]-oriented
slabs made of CuPt-ordered PbSnTe2 alloy, which is
symmetric through the {110} mirror plane, in TCI
phase (Fig. 3(c), under zero strain) and 𝑍2 TI phase
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(Fig. 3(d), under tensile strain of 1.07%), respectively
(see Supplemental Material for more details). For
[001]-oriented slabs, the Γ point in the CuPt-ordered
alloy BZ remains at the projected zone center Γ in the
surface BZ, whereas one of the 𝐹 points projects to
the point of (0, 𝑏2), and the remaining two 𝐹 points to
the 𝑋 point of (1/2 𝑏1, 0) (where 𝑏1 and 𝑏2 are the re-
ciprocal lattice vectors of the surface BZ (Fig. 3(b))).
Apparently, the (0, 𝑏2) point is equivalent to the Γ
point since they are just different by a reciprocal vec-
tor of the surface BZ. Consequently, in the TCI phase,
there are two Dirac cones centered at the Γ point of
the surface BZ as a result of the band inversions oc-
curring at both Γ and 𝐹 points. Whereas in the 𝑍2

TI phase, there is only one Dirac cone centered at the
Γ point because the band inversion exists exclusively
at the Γ point. We therefore expect to see signifi-
cant differences in the surface band structures between
TCI and 𝑍2 TI phases even in the same CuPt-ordered
PbSnTe2 alloy.
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in the TCI and TI phases, respectively. (a) Crystal struc-
ture (top view) of the 21-atomic-layer thick slab made of
the CuPt-ordered PbSnTe2 alloy along the [001] direction.
A blue dashed line indicates the (110) mirror plane. (b)
The 2D surface BZ of the slab. A double overline is used
to mark the high symmetry 𝑘 points in the surface BZ,
distinguishing from ones in reduced 3D alloy BZ (marked
with single overline) and ones in the parent rocksalt BZ.
(c) The topological surface band structure of the slab in
the TCI phase. (d) The topological surface band structure
of the slab in the TI phase. (e, f) The wavefunctions of
topological surface states located at zone center for TCI
and TI phases as indicated by arrows in (c) and (d), re-
spectively. (g) The magnitude of the topological bandgap
in the 𝑍2 phase as a function of slab thickness. (h) The 𝑘·𝑝
Hamiltonian model predicted Dirac cone on the surface of
the semi-infinite PbSnTe2 alloy in the TI phase.

Figure 3(c) shows that the predicted surface band
structure of a 21 atomic layers (ALs) thick PbSnTe2

alloy slab in the TCI phase is rather complex and in-
volves multiple Dirac cones, as expected for TCIs.[13]

It consists of two parent Dirac cones centered at the Γ
point and vertically offset in energy owing to symme-
try enforced coupling between these two Dirac cones.
When they come together away from the Γ point, the
coupling between the lower half of the upper parent
Dirac cone and the upper half of the lower parent
Dirac cone opens a gap at all points except along
the mirror line, leading to the formation of a pair
of offspring Dirac points shifted away from the Γ

point. In the slab surface BZ, the Γ–𝑌 line is a
mirror line, which is along the {110} reflection axis.
The mirror Chern number is invariant under reflec-
tion about the {110} reflection axis, except for the
𝑘-points on the Γ–𝑌 line (Fig. 3(b)). Thus, all of
the 𝑘-points off the Γ–𝑌 line have the same mirror
symmetry and present the same mirror eigenvalues,
whereas the 𝑘-points on the Γ–𝑌 line hold the oppo-
site mirror eigenvalues.[13,16] Consequently, the inter-
action between the two parent Dirac cones is forbidden
along the Γ–𝑌 direction and crosses each other, and
such interaction is allowed along remaining 𝑘-points
and opens a gap, leading to the formation of a pair
of offspring Dirac cones. This surface band structure
is consistent with that of the prototype TCI SnTe,
which was discovered theoretically[13,16,22] and con-
firmed experimentally,[14,27] in the vicinity of Dirac
points, except for two striking distinctions. Specifi-
cally, we find here that the parent Dirac cones center
at the BZ center rather than those at the BZ bound-
ary, and hence, in compared with the TCI SnTe, there
is only one pair of offspring Dirac cones instead of
two pairs. These two distinctions are consequences
of band inversions occurring at different TRIMs in
CuPt-ordered PbSnTe2 alloy and SnTe, respectively.
Accompanying the formation of offspring Dirac cones,
more striking features could also be found in the sur-
face band structure of the TCI phase, such as recently
revealed the existence of a Lifshitz transition as a re-
sult of switching of the orbital characters of the upper
parent Dirac cone and the lower parent Dirac cone.[20]

The saddle point in the TCI surface band structure
(along the 𝑘-line perpendicular to the mirror line away
from the Γ point, as shown in Fig. 3(c)) is known as
the Van Hove singularity (VHS).[23] The existence of
both Lifshitz transitions and VHSs provides the pos-
sibility of achieving future quantum applications.[23]

Figure 3(d) shows the corresponding surface band
structure in the 𝑍2 TI phase. In compared with a
complex band structure involving multiple Dirac cones
in the TCI phase, the surface band structure in the
𝑍2 TI phase is quite simple. In general, we expect
the Dirac cones centered exactly at the Γ point in
the 𝑍2 TI, owning to the fact that the TRS protects
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the topological states, and subsequently, without off-
spring Dirac cones and absence of the Lifshitz tran-
sition points. However, we observe a finite Dirac gap
of about 0.08 eV as a result of strong hybridization
between the two topological surface states (TSSs) lo-
cated on the top and bottom surfaces, respectively.
Figure 3(g) shows, as is expected, that the magnitude
of the surface bandgap decreases monotonically as the
thickness of the slab increases. Such surface bandgap
is an intrinsic feature of finite thick slabs and films,[50]

and was frequently observed in thin films of prototype
3D chalcogenide TIs.[51,52] In order to mimic the sur-
face states of the semi-infinite slabs, we also calcu-
late the surface band structure based on the surface
Green function with a low-energy effective 𝑘· Hamilto-
nian model (see the Supplemental Material for more
details). We find that there is a gapless Dirac cone
at the Γ point formed by the surface states in the
semi-infinite slab of the PbSnTe2 alloy, as shown in
Fig. 3(h).

In summary, we have shown that the effect of
CuPt-like atomic ordering, which is expected to re-
duce the even number of equivalent 𝐿 points into
odd ones, can be used to realize the odd number of
band inversions in the BZ, thus inducing a robust
TCI to 𝑍2 TI phase transition in materials such as
PbSnTe2. We further show that in isovalent rocksalt
alloys, the CuPt-ordered structure has the lowest al-
loy formation energies compared to other ordered or
disordered alloys, thus can form spontaneously under
coherent growth, which is consistent with extensive
experimental observations of CuPt-ordered structure
widely in the III–V, II–VI and IV–VI semiconductor al-
loys. By calculating the 𝑍2 invariant and topological
surface states, we demonstrate that the topological
phase transitions from TCI to TI to normal insulator
can be achieved by controlling the strain in combi-
nation with the ordering in PbSnTe2. Because this
concept is also applicable to other material systems,
our results suggest that atomic ordering provides a
new platform to realize the quantum phase transition
between different topological phases.
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I. BAND-EDGE EVOLUTIONS OF SnTe AND PbTe AS A FUNCTION OF UNIAXIAL STRAIN

ALONG [111] DIRECTION.
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FIG. 1. (Color online) The evolutions of band-edges as function of [111] uniaxial strain. a. The band-edge evolutions of SnTe

at the L (0.5,0.5,0.5) valley (labeled as LS) and remaining three equivalent L valleys (labeled as LT ) as a function of uniaxial

strain δ along [111] direction. In the green shadow area the SnTe is a insulator with a gap, and in the gray shadow area there

is a odd number of band inversion (i.e., LS point is back to normal band order, and the LT point is still inverted). b. Band

structure of SnTe with the application of the [111]-oriented uniaxial strain δ=0.042. The wide green and narrow red lines

indicate the band is dominated the Te p and Sn p states, respectively, and corresponding parities are also labeled.

Fu et al.[1] proposed in their pioneering study of Z2 TIs that an uniaxial strain along the [111] direction could

lift the equivalence of four L points in the Pb1−xSnxTe alloy, leading to the bandgap at the L point along the [111]

direction (labeled as LS) different from that of remaining three equivalent L points (labeled as LT ). They therefore

postulated that the strained Pb1−xSnxTe alloy might have odd number of band inversion at certain composition and

become a Z2 TI. Here, we have assessed this idea in detail in terms of examining the band-edge evolutions of the end

constitute SnTe as a function of uniaxial strain along the [111] direction by performing first-principles calculations.

Fig. 1 shows that the equivalence of four L points in the rocksalt structure is indeed broken and band-edges at the
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LS point shift away from that of remaining three equivalent LT points once an uniaxial strain is applied along the

[111] direction with their energy deviations being proportional to strain strength δ. However, it is almost impossible

to find a case having simultaneously a global bandgap and odd times of band inversions. We find that the bandgap

deformation at the LS point is much larger than that at the LT point, which enables us to drive bandgap at the

LS back to normal order leaving behind bandgap at remaining three LT points keeping inverted. But, deformation

potentials of both conduction band valence band-edges at the LT point are so negative that before driving LS-valley

band gap back to normal order the uniaxial strain already moves the LT bandgap fully out the LS bandgap leading

to vanishing of global bandgap and SnTe become metallic, as shown in Fig.1(b). The gray shadow area in Fig.1(a)

indicates the global bandgap of stained SnTe. Although we archive the odd number of band inversion after the

transition of the bandgap order at the LS point to normal, the transition point is too way from the shadow area,

leading to the conduction band edge at the LT valley is lower in energy than the valence band edge at the LS point

and strained SnTe becomes a metallic, as shown in the Fig. 1(b) for the band structure of SnTe with δ=0.042. We

have verified that this fact is also true for PbTe that when odd number of band inversions occurs, it is no longer a

insulator.

II. IDENTIFY THE GROUND CRYSTAL STRUCTURE OF ROCKSALT AxB1−xC ALLOYS.

To determine the ground crystal structure of rocksalt AxB1−xC (A or B=Ge, Sn, Pb, C=Te, Se) alloys, we have

calculated the alloy formation energies ∆Hf (σ,AxB1−xC) at composition x = 0.5 for most commonly observed alloy

configurations σ [2], which include ordered CuPt, CuAu, chalcopyrite, Y2, and Z2 structures as well as a random alloy

described using the “special quasi random structures” (SQS) approach[3]. The predicted results using first-principles

calculations are summarized in Table S1. We found unambiguously that in all investigated systems, the CuPt ordered

configuration has the lowest formation energy among all examined configurations, owing to CuPt-ordered structure

allows all nearest cation-anion bond lengths to attain their respective equilibrium lattice with the minimum bond

bending and holds the smallest strain energy among all studied configurations [2].

TABLE I. Calculated formation energies (unit in meV/4-atom) of rocksalt AxB1−xC (A or B=Ge, Sn, Pb, C=Te, Se) alloys at

composition x = 0.5 with varying configurations of ordered CuPt, CuAu, chalcopyrite, Y2, and Z2 structures as well as a SQS

random alloy structure.

systems CuPt CuAu Y2 Z2 CH SQS

Sn0.5Pb0.5Te 11 21 15 17 17 12

Sn0.5Pb0.5Se 11 19 15 15 14 13

Ge0.5Sn0.5Te 18 116 49 81 75 45

Ge0.5Sn0.5Se 40 157 74 106 102 69

Ge0.5Pb0.5Te 58 256 111 169 170 100

Ge0.5Pb0.5Se 98 329 153 217 218 137

GeSe0.5Te0.5 19 129 54 80 85 52

SnSe0.5Te0.5 20 142 60 85 93 49

PbSe0.5Te0.5 23 145 78 94 93 54
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FIG. 2. (Color online) Band structure of CuPt-ordered PbSnTe2 alloy under the equilibrium lattice constant. The wide green

and narrow red lines indicate the band dominated by the anion (Te) p and cation (Sn and Pb) p orbitals, respectively. The

parity symmetry is also labeled.

III. BAND STRUCTURE OF CuPt-ORDERED PbSnTe2 ALLOY UNDER THE EQUILIBRIUM

LATTICE CONSTANT.

Figure 2 shows the band structure of CuPt-ordered PbSnTe2 alloy under the equilibrium lattice constant. Along

with the transform of equivalent four L points in parent PbTe and SnTe to one Γ̄ and three F̄ points in CuPt-ordered

PbSnTe2 alloy, energy gaps at the Γ̄ and F̄ points are now different remarkably, which is caused by inter-band coupling

as a result of symmetry reduction from (rocksalt) Oh to (CuPt-type structure) D3d. After analyzing the characters

of band-edge wave functions, we found that the conduction band edges at both Γ̄ and F̄ points, mainly comes from

the anion p orbit with an even parity (“+”), and the valence band edges from the cation p orbit with an odd parity

(“-”), illustrating the bandgaps at both Γ̄ and F̄ points being inverted and hence the PbSnTe2 alloy being a TCI

under equilibrium condition.

IV. CALCULATIONS OF TOPOLOGICAL INVARIANT Z2.

The Z2 index in 2D systems is a single invariant, but in 3D system is a complex of four invariants, i.e., Z2=(ν0;

ν1ν2ν3), where ν0 is the strong topological index and ν1, ν2, and ν3 are three weak indices (ν0 = 1 alone indicates a

strong topological insulator without inquiring ν1ν2ν3; ν0 = 0 is a weak topological insulator if at least one of ν1, ν2, ν3

equal to 1). Only the strong topological insulator (ν0=1), which is named as a Z2 TI, has robust topological surface

states protected by time-reversal symmetry and against weak disorders. According to the time-reversal polarization

theory developed by Fu and Kane[4], the integer Z2 invariant of a time-reversal (T ) symmetric system can be written as

∆ = Pθ(T/2)−Pθ(0) mod 2, where Pθ is defined as the ”time-reversal polarization”. Later, Soluyanov and Vanderbilt

[5] further simplified this method by utilizing Wannier functions as a basis set, and implemented it within the ab initio

plan-wave calculations. They suggested that we can simply calculate the Z2 invariant by tracking the spectrum of

Wannier charge centers (WCCs) χ̄n and determining the center of the largest gap zm between two adjacent WCCs
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FIG. 3. (Color online) Evolution of WCCs χ̄n of CuPt ordered Sn0.5Pb0.5Te alloy in the r3 direction vs k2 at (a) n1=0; (b)

n1=1. Blue rhombus indicates the midpoint of largest gap. k2 is sampled in 14 increments from 0 to π. From this figure, it is

seen that for the n1=0 surface it has a odd number of jumps of the χ̄n, so the ν0 =1, and for n1=1 surface has a even number

of jumps of the χ̄n, so the ν1 =0. Furthermore, the R3̄m symmetry in the CuPt structure guarantees the ν1=ν2=ν3=0. Thus,

the Z2 = (1:000).

on the circle. The overall Z2 invariant can then be obtained as,

∆ =
∑

m=0

∆m mod 2 .

(−1)∆m =

N∏

n=1

sgn[g(2πzm, 2πzm+1, 2πχ̄m+1
n )]

(1)

where sgn(x) is the sign function, and g(ϕ1, ϕ2, ϕ3) = sin(ϕ2 −ϕ1)+ sin(ϕ3 −ϕ2)+ sin(ϕ1 −ϕ3), which is the directed

area of a triangle defined by angles ϕ1,ϕ2,ϕ3 on a unit circle. N is the number of occupied bands. For more details

about these method, please refer to the Fu and Soluyanov’s papers[4, 5].

Due to the CuPt-ordered Sn0.5Pb0.5Te alloy has a R3̄m symmetry, which has a threefold rotational axis leading

to ν1=ν2=ν3, one only needs to calculate one weak Z2 index ν1, i.e. n1=1 surface of the parallelepiped constructed

by the eight time-reversal points in the reciprocal space. Similarly, one only needs to calculate one more of the Z2

invariants for n1=0 surface to get the strong topological index ν0. Figure 3 shows the calculated evolution of WCCs

χ̄n of CuPt-ordered Sn0.5Pb0.5Te alloy upon application of 1.13% tensile strain in the r3 direction vs k2 at (a) n1=0

(i.e. k1=0); (b) n1=1 (i.e. k1=π). We found that for the n1=0 surface, the gap center jumps over 11 WCCs near the

k2=0, and over 10 WCCs at k2=0.2 and k2=0.3, and then over 2 WCCs at k2=0.7 and k2=0.9, respectively. Thus,

the total number of jumps is 11+10+10+2+2=35, an odd number. For the n1=1 surface, similarly, we get a total

of 2+2+2=6 jumps, which is even number. In terms of the Eq. (1), we obtain ν0 =1, and ν1 = ν2 = ν3 = 0 (Z2 =

(1:000)), and hence CuPt-ordered Sn0.5Pb0.5Te alloy upon application of 1.13% tensile strain is a strong Z2 TI.
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V. EFFECTIVE HAMILTONIAN MODEL FOR CALCULATING TOPOLOGICAL SURFACE STATES

AT Z2 TI PHASE.

We can use the model Hamiltonian method to simulate semi-infinite slabs. Most of Z2 TIs such as Bi2Se3, Bi2Te3,

Sb2Te3 as well as Sn0.5Pb0.5Te alloy in Z2 phase the band inversions occur at the Γ point, we are able to calculate the

topological surface band structure using a simple low-energy effective Hamiltonian HΓ(k) near the Γ point [6]. The

symmetry of Γ point in CuPt-ordered Sn0.5Pb0.5Te alloy belongs to the space group D3d which is same as in Bi2Se3,

the low-energy effective Hamiltonian HΓ(k) near Γ point for CuPt-ordered PbSnTe2 alloy is therefore written as [6],

HΓ (k) = ϵ0 (k) I4×4 +




M (k) A1kz 0 A2k−
A1kz −M (k) A2k− 0

0 A2k+ M (k) −A1kz

A2k+ 0 −A1kz −M (k)




(2)

where k2
∥ = k2

x + k2
y, k± = kx ± iky. ϵ0(k) = C + D1k

2
z + D2k

2
∥ and M(k) = m − B1k

2
z − B2k

2
∥. All of these parameters

in the effective model can be obtained by fitting the energy spectrum of the effective Hamiltonian with that of the

first-principles calculations.

In order to explore surface states of the semi-infinite slabs, we calculate the surface Green Function (GF) according

to Refs.[7, 8]. Here a simple description about the process is shown. The equation of Green Function of the semi-

infinite slabs is following:

(
ϵ − Hs HSR

H†
SR ϵ − HR

)(
Gs GSR

GRS GR

)
= I (3)

where HS is a N×N matrix which represents the hamiltonian of surface and HR is a ∞×∞ matrix which represents

the bulk. Both of them can be constructed through the effective hamiltonian by introducing ki −→ 1
Ri

sin(kiRi) and

k2
i −→ 2

R2
i

[1 − cos(kiRi)]. The Eq.(3) can be written in another format:





Gs = (ϵ − Hs − ΣR)
−1

ΣR = HSRgRH†
SR

gR = (ϵ − HR)
−1

(4)

where ΣR denotes the self-energy induced by HR and GS denotes the surface green function. As the HR is a ∞×∞
matrix, which cannot be directly solved, we utilize the iteration numerical method to solve above equation. Dividing

the HR into two parts HR −→ HR0
+ HR′ , we can write similar equations as Eq.(3):

(
ϵ − HR0 HR0R′

H†
R0R′ ϵ − HR′

)(
gR0 gR0R′

gR′R0 gR′

)
= I (5)

In addition, the nearest layer hopping along the slab direction will add some limitation:

HSR =

(
HSR0

HSR′

)
≈
(

HSR0

0

)
(6)

Thus, the self-energy part can be given as:

ΣR = HSRgRH†
SR =

(
HSR0 0

)( gR0 gR0R′

gR′R0 gR′

)(
HSR0

0

)
= HSR0gR0H

†
SR0

(7)
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Now, having transformed an ∞×∞ problem into a N×N problem, we need to obtain the gR0 . The gR green

function is




ϵ − HR0 −HR0,R1 0 · · ·
−H†

R0,R1
ϵ − HR0 −HR0,R1 · · ·

0 −H†
R0,R1

ϵ − HR0 · · ·
...

...
...

. . .







gR0 gR0,R1 gR0,R2 · · ·
gR1,R0 gR0 gR1,R2 · · ·
gR2,R0 gR2,R1 gR0 · · ·

...
...

...
. . .




= I (8)

We can write above as the linear format:




(ϵ − HR0) gR0 = I+HR0,R1gR1,R0

(ϵ − HR0) gR1,R0 = H†
R0,R1

gR0+HR0,R1gR2,R0

...

(ϵ − HR0) gRn,R0 = H†
R0,R1

gRn−1,R0+HR0,R1gRn+1,R0

(9)

By defining





t0 = (ϵ − HR0)
−1

H†
R0,R1

t̃0 = (ϵ − HR0)
−1

HR0,R1

ti =
(
I−ti−1t̃i−1 − t̃i−1ti−1

)−1
t2i−1

t̃i =
(
I−ti−1t̃i−1 − t̃i−1ti−1

)−1
t̃2i−1

(10)

Eq.(9) can be transformed into





gR1,R0 = t0gR0 + t̃0gR2,R0

gR2,R0 = t1gR0 + t̃1gR22 ,R0

...

gR2n ,R0 = tngR0 + t̃ngR2n+1 ,R0

...

(11)

When n −→ ∞, tn t̃n wil tend to 0 and the gR2n ,R0 also will tend to 0. we need to do a truncation.

gR1,R0 = t0gR0 + t̃0gR2,R0

= t0gR0 + t̃0t1gR0 + t̃1gR22 ,R0

· · ·
=
(
t0 + t̃0t1 + t̃0t̃1t2 + · · · + t̃0t̃1 · · · tN

)
gR0 + t̃1t̃2 · · · t̃NgR2N ,R0

≈ TgR0

where

T =
(
t0 + t̃0t1 + t̃0t̃1t2 + · · · + t̃0t̃1 · · · tN

)
(12)

Take above into Eq.(9) we can get

gR0 = (ϵ − HR0 − HR0,R1T )
−1

(13)

Finally, we obtain the semi-infinite system green function
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Gs = (ϵ − Hs − ΣR)
−1

ΣR = HSR0gR0H
†
SR0

gR0 = (ϵ − HR0 − HR0,R1T )
−1

(14)

Therefore, the local densities of states can be obtained:

N
(
k||, ϵ + iη

)
= − 1

π
Im
∑

α

Gα,α
s

(
k||, ϵ + iη

)
(15)

Based on above method, we have calculated the topological surface structure of CuPt-ordered Sn0.5Pb0.5Te alloy

in Z2 phase, as shown in Fig. 3h in main text.

VI. DETAILS OF FIRST-PRINCIPLES COMPUTATIONAL METHOD.

To engineer the band structure of alloys, we perform the first-principles calculations using the frozen-core

projector-augmented wave method (PAW) within the density functional theory (DFT)[9, 10] and generalized-gradient-

approximation (GGA) to the exchange-correlation potential as implemented in the VASP code[11–13]. We have

carefully examined the convergence of the plane-wave cutoff energy and the Monkhorst-Pack k-point mesh. In all

calculations, all the atoms are allowed to relax until the quantum mechanical forces acting on them become less than

0.02 eV/Å. The spin-orbit coupling (SOC) term is included. Regarding semi-local exchange-correlation functionals,

such as GGA, usually remarkably underestimate the bandgaps of semiconductors[14], as a comparison, we have also

employed the modified Becke and Johnson exchange potential (hereafter called TB-MBJ), which has the comparable

accuracy with the hybrid functional and GW method, but much less computational cost[15]. For example, the TB-

MBJ calculated normal gap of PbTe and inverted gap of SnTe are 0.20 eV and -0.19 eV, respectively, very close to

experimental values. The random alloys are mimicked by the special quasirandom structures (SQS)[3, 16].

Different from model Hamiltonian method to calculate the topological surface band structure, in the atomistic

first-principles approach we are free from the need to judge at the outset which selected 3D bulk bands will couple in

surface. We do so by solving the surface band structure using explicitly the microscopic potential of a slab constructed

by SnPbTe2 alloy along the (001) direction, in which the slab nanostructure is viewed as a system in its own right

rather than express it in terms of a preselected basis drawn from its bulk parent bands. The slab having e.g., 21 atomic

layers, is sandwiched between 20 Å thick vacuum layers along the (001) direction. Since one slab has unavoidable

two pristine surfaces (i.e., top and bottom surfaces), there always exist two Dirac cones: one on the top surface and

another on the bottom surface. The symmetry of the 2D slabs enforces these two Dirac cones coupling each other,

opening a topological Dirac gap. Attempt to reduce this coupling effect by splitting two Dirac cones in energy, we use

the pseudo-Hydrogen (PH) to passivate the dangling bonds on top surface and leave behind the dangling bonds on the

bottom surface unpassivated. However, at Z2 TI phase, we still observe a finite Dirac gap, which is almost vanished

at TCI phase. As shown in Fig. 3 in the main text, the magnitude of the Dirac gap drops remarkably as expected,

owing to reduced coupling between two surface Dirac cones as increasing the slab thickncess. Such surface bandgap

is an intrinsic feature of finite slabs and films, and is frequently observed in thin films of prototype 3D chalcogenide

TIs.
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