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To validate the ability of full configuration interaction quantum Monte Carlo (FCIQMC) for studying the 2D
Hubbard model near half-filling regime, the ground state energies of a 4 × 4 square lattice system with various
interaction strengths are calculated. It is found that the calculated results are in good agreement with those
obtained by exact diagonalization (i.e., the exact values for a given basis set) when the population of psi particles
(psips) is higher than the critical population required to correctly sample the ground state wave function. In
addition, the variations of the average computational time per 20 Monte Carlo cycles with the coupling strength
and the number of processors are also analyzed. The calculated results show that the computational efficiency
of an FCIQMC calculation is mainly affected by the total population of psips and the communication between
processors. These results can provide useful references for understanding the FCIQMC algorithm, studying the
ground state properties of the 2D Hubbard model for the larger system size by the FCIQMC method and using
a computational budget as effectively as possible.

PACS: 02.70.Ss, 71.10.Fd, 02.70.Uu DOI: 10.1088/0256-307X/34/8/080201

Among various methods that have been devel-
oped to investigate the quantum many-body sys-
tems, the quantum Monte Carlo (QMC) methods
have been attracting more and more attention in
recent years. Though QMC calculations are very
resource-consuming, the extremely high accuracy has
inspired many scientists to search for effective algo-
rithms. In the past decades, several QMC methods
have been developed to treat various systems.[1−5]

As for many-electron systems, the projector quantum
Monte Carlo (PQMC) methods have achieved great
successes, such as Green’s function quantum Monte
Carlo (GFQMC), diffusion quantum Monte Carlo
(DQMC), and auxiliary-field quantum Monte Carlo
(AFQMC). In particular, the DQMC with the fixed-
node approximation has been implemented in the soft-
ware CASINO. This software can be used to calculate
the ground state properties of solid state materials.[6]
PQMC methods will suffer from a sign problem for
fermionic systems. The sign problem stems from the
antisymmetry property of many-electron wave func-
tions when exchanging two electrons. Therefore, the
wave functions of many-electron systems have both
positive and negative amplitudes. The minus sign
of wave function reduces the rate of convergence ex-
ponentially in real Monte Carlo calculations. This
problem is regarded as one of the most important un-
solved problems in the field of computational physics

and chemistry. To obtain physically meaningful re-
sults, some approximated methods have been intro-
duced, such as the fixed-node diffusion Monte Carlo
method[7] and the phaseless auxiliary-field quantum
Monte Carlo.[8]

In principle, the exact ground state wave function
can be obtained by the full configuration interaction
(FCI) method in quantum chemistry, which is also
known as the exact diagonalization for physicists. The
FCI method converts the Schrödinger equation into a
matrix eigenvalue problem, which can be solved by ex-
act diagonalization. However, the computational cost
of FCI scales factorially with the size of configura-
tion space, thus FCI can only be used to investigate
small systems. In 2009, Booth et al. combined the
spirit of PQMC and the FCI method to develop the
full configuration interaction quantum Monte Carlo
(FCIQMC).[9] FCIQMC inherits some features from
both PQMC and FCI. Similar to PQMC, FCIQMC
performs a long-time integration of the imaginary-
time Schrödinger equation, and similar to the FCI
method, FCIQMC works in a determinant space. The
weight of a given determinant is represented by the
number of a given type of virtual particle with a
charge (𝑞 = ±1) on it, which is called the psi par-
ticle (psip). Each psip lives on a fixed determinant in
which it was born until it is removed from the simu-
lation. The ground state wave function is projected
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out through the evolution of population dynamics of
psips rather than random walk, though psip is also
called the walker in some studies.

The FCIQMC algorithm contains three stages for
each simulation cycle: spawning, death, and annihila-
tion. It has been shown that it is the annihilation of
opposite charged psips that allows FCIQMC to con-
verge to the true ground state wave function. Here an-
nihilation means a pair of psips with opposite charges
on the same determinant are removed together from
the simulation. This discrete sampling of the wave
function allows efficient annihilation to take place be-
tween positive and negative psips on the same deter-
minant. At present, the FCIQMC method has been
proved much more successful than the DQMC method
for computing the energies of small systems and sys-
tems where the sign problem is not severe. How-
ever, FCIQMC is a ‘young’ method, some questions
still remain concerning how to use it effectively and
automatically, how large a system can be calculated
for a given computational resource, and so on. The
FCIQMC algorithm is not a ‘black box’ method and
the manner in which sampling is performed can impact
the required computational resources. To understand
how the FCIQMC method can be used to improve the
fermion sign problem efficiently, and how to use the
computational resources efficiently, we will take the
2D repulsive Hubbard model as an example in our dis-
cussions. The reasons for selecting the Hubbard model
as a research subject are two-fold. On the one hand,
the Hubbard model has been widely used to inves-
tigate the magnetism, metal-insulator transitions,[10]
and superconductivity.[11] On the other hand, exact
diagonalization results for some lattices are available,
which provides a perfect benchmark to validate the
ability of FCIQMC.

Since there are many excellent reviews about the
Hubbard model, we will give a brief description of it
for the convenience of discussions. The single-band
Hubbard model is defined by the Hamiltonian

�̂� = −𝑡
∑︁
⟨𝑖𝑗⟩𝜎

𝐶+
𝑖𝜎𝐶𝑗𝜎 + 𝑈

∑︁
𝑖

𝑛𝑖↑𝑛𝑖↓, (1)

where 𝐶+
𝑖𝜎 (𝐶𝑖𝜎) creates (annihilates) an electron with

spin 𝜎 on site 𝑖, and 𝑛𝑖↑ (𝑛𝑖↓) is the particle number
operator with spin ↑(↓). Since the aim of this work
is to validate the ability of FCIQMC in investigating
the Hubbard model, we select a relatively small sys-
tem. As you know, the computation costs of QMC
scale badly with the size of system. In this work,
we restrict our discussions to the repulsive Hubbard
model (𝑈 > 0) defined on a two-dimensional 4 × 4
square lattice, consider interaction strengths ranging
from 𝑈 = 1.0 to 𝑈 = 10.0, and focus on near half-
filling regime (𝑁e = 14 (7 ↑ 7 ↓)), where 𝑡 is used as
the unit of all energies.

We briefly review the FCIQMC method, which was

discussed in more detail in Refs. [9,12]. The FCIQMC
algorithm is a type of PQMC. For each simulation
cycle the wave function is updated by applying the
following projection operator

𝑃 = 𝐼 − (�̂� − 𝑆𝐼)𝛿𝜏, (2)

where 𝑆 is an energy offset which is adjusted to con-
trol the population of psips after a critical population
of psips required to correctly sample the ground state
wave function, �̂� is the Hamiltonian of the Hubbard
model as shown in Eq. (1), 𝐼 is the unit operator, and
𝛿𝜏 is the step of imaginary time. On every iteration
the representation of the wave function, 𝜙(𝜏), at imag-
inary time 𝜏 is updated to 𝜙(𝜏 + 𝛿𝜏) as follows:

𝜙(𝜏 + 𝛿𝜏) = 𝑃𝜙(𝜏) = [𝐼 − (�̂� − 𝑆𝐼)𝛿𝜏 ]𝜙(𝜏). (3)

As long as the initial wave function 𝜙(0) has a non-
zero component of the ground state wave function, the
ground state will manifest itself once 𝜏 is large enough,
assuming that 𝛿𝜏 is sufficiently small and 𝑆 is carefully
controlled. In FCIQMC, the configuration interaction
wave function can be written as

𝜙 =
∑︁
𝑖

𝑐𝑖|𝐷𝑖⟩, (4)

where |𝐷𝑖⟩ is a set of the Slater determinants of
size 𝑁det, which is formed from 𝑁elec electrons and
𝑁s.o. spin–orbitals. The wave function coefficient
𝑐𝑖 = ⟨𝐷𝑖|𝜙(𝜏)⟩ is represented by a number of (signed)
unit weights located on |𝐷𝑖⟩. We call a single unit a
psi-particle or psip. Similar to FCI, FCIQMC satis-
fies the variational principle, the optimal coefficients
{𝑐0𝑖} gives the lowest energy, i.e., the ground state en-
ergy eigenvalue. To make the subsequent notation as
simple as possible, we define a ‘transition matrix’

𝑇 = −(�̂� − 𝑆𝐼). (5)

Then Eq. (3) can be rewritten as

𝑐𝑖(𝜏 + 𝛿𝜏) =
∑︁
𝑗

(𝛿𝑖𝑗 + 𝑇𝑖𝑗𝛿𝜏)𝑐𝑗(𝜏). (6)

At each time step 𝛿𝜏 , Eq. (6) is sampled in three
stages: (1) The spawning step: each psip (with weight
𝑤𝑖) attempts to spawn a child psip on a randomly se-
lected |𝐷𝑗⟩ with probability 𝑝s(𝑗|𝑖) = |𝑇𝑖𝑗 |𝛿𝜏

𝑝gen(𝑗|𝑖) , where
𝑝gen(𝑗|𝑖) is the probability that |𝐷𝑗⟩ is selected, pro-
vided that the parent psip is on |𝐷𝑖⟩ and with sign
sgn(−⟨𝐷𝑖|�̂�|𝐷𝑗⟩𝜔𝑖). (2) The death/clone step: each
psip dies with probability |𝑝d(𝑖)| if 𝑝d(𝑖) < 0, where
𝑝d(𝑖) = −𝛿𝜏𝑇𝑖𝑖. Instead, if 𝑝d(𝑖) > 0 a copy of the
psip is created with probability 𝑝d(𝑖). (3) The anni-
hilation step: in the final stage, we loop over all psips
including newly-spawned, cloned and surviving parent
psips, and annihilate pairs of psips with opposite signs
on the same determinant. The annihilation step pre-
serves the expected distribution of psips and crucially
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prevents the growth of exponential noise and collapses
onto the sign problem-free ground state.

Typically, the initial value of energy shift 𝑆 is set to
be the Hartree–Fock energy, which is larger (less neg-
ative) than the FCI energy and this causes the popu-
lation 𝑁p(𝜏) (total number of psips) to grow exponen-
tially. However, in this stage the population contains
physical and unphysical components, and the unphys-
ical one dominates the population.[12] Then 𝑁p(𝜏) will
enter the plateau phase at a system-dependent pop-
ulation, during which the ground state sign structure
emerges, the component of physical solution becomes
more and more important. At some critical point the
physical component exceeds the unphysical compo-
nent. It is only after this point that 𝜙(𝜏) becomes
a stochastic representation of the wave function and
𝑁p(𝜏) grows exponentially again, but the growth rate
is lower than that of the first stage. In actual simula-
tions, it is unnecessary to keep the exponential growth
of particle population. Instead, the shift is then ad-
justed to keep the population approximately constant
according to the expression

𝑆(𝜏 +𝐴𝛿𝜏) = 𝑆(0)− 𝜉 log
𝑁p(𝜏 +𝐴𝛿𝜏)

𝑁s
, (7)

where 𝑆(0) is the initial value of the shift (in this work,
the Hartree–Fock energy), 𝑁s is the population at the
end of the equilibration phase, 𝜉 is the damping fac-
tor, which is usually fixed during a simulation. For
the constant population mode, the mean value of 𝑆
provides a measurement of the ground state energy.

In addition to the shift, the energy of the system
can be estimated via the projected estimator

𝐸project =
⟨𝐷0|�̂�𝑒−�̂�𝜏 |𝐷0⟩
⟨𝐷0|𝑒−�̂�𝜏 |𝐷0⟩

= 𝐻00 +

∑︀
𝑖 ̸=0 𝐻0𝑖𝑁𝑖

𝑁0
,

(8)
where 𝑁𝑖(𝜏) is the (signed) number of psips on the
𝑖th determinant for the state |𝜙(𝜏)⟩, 𝑁0 represents
population of psips on the reference determinant |𝐷0⟩
(here taken to be the Hartree–Fock determinant),
𝐻00 = ⟨𝐷0|�̂�|𝐷0⟩ is the energy of the reference de-
terminant |𝐷0⟩, and 𝐻0𝑖 = ⟨𝐷0|�̂�|𝐷𝑖⟩.
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Fig. 1. Population dynamics [(a)–(c)] and energy estima-
tors (d) for the 2D 16-site square lattice Hubbard model
at 𝑈 = 4.0, and 𝑁e = 14 (7 ↑ 7 ↓). The ground state
wave function has momentum 𝑘 = (0, 0) and the Hilbert
space formed from all determinants of this momentum
contains about 0.8 × 107 states. (a) Evolution of the to-
tal number of H psips in the initial stage of simulation.
(b) Evolution of the total number of 𝐻 psips in simula-
tion. (c) Variations of −

∑︀
𝐻0𝑗𝑁𝑗 and the population of

psips on the reference determinant 𝑁0 with the simula-
tion iterations. (d) The shift 𝑆 and the correlation energy
𝐸corre = 𝑁−1

0

∑︀
𝑗 ̸=0 𝐻0𝑗𝑁𝑗 in simulation.

Now, we take 𝑈 = 4.0 and 𝑁e = 14 (7 ↑ 7 ↓) for
the 4 × 4 square lattice as an example to discuss the
FCIQMC algorithm in detail, for which the reference
energy (the Hartree–Fock energy) 𝐻00 = −11.75 in
Eq. (8). The initial value of the shift is set as a con-
stant value (𝑆 = 0) and a small starting population
(𝑁p(0) = 100), and hence the population grows ex-
ponentially. The rapid exponential growth process is
very short, and then a plateau phase in the popula-
tion appears. The height of plateau is about 107 as
shown in Fig. 1(a). After the plateau population of
psips is reached, we need to adjust the shift 𝑆 accord-
ing to Eq. (7). When the current total population of
Hamiltonian particles 𝑁p(𝜏) varies with a very small
margin (see Fig. 1(b)), the population of Hamiltonian
particles 𝑁0 and −

∑︀
𝐻𝑖𝑗𝑁𝑗 becomes nearly constant

from about the 10000th iteration (see Fig. 1(c)). Once
the population is stable, both the shift 𝑆 and the
instantaneous projected energy vary around a fixed
value, namely the ground state correlation energy (see
Fig. 1(d)).

Table 1. The simulated results for different interaction strengths.

𝑈 𝛿𝜏 Plateau H psips
∑︀

𝐻0𝑗𝑁𝑗 𝑁0 𝑆 𝐸corre

1.0 0.002 1× 107 12048220(60) −109640(30) 240790(60) −0.45529(1) −0.45533(2)

2.0 0.001 1× 107 17012900(900) −124100(100) 95710(70) −1.2959(1) −1.29673(5)

3.0 0.001 1× 107 27545000(2000) −172210(80) 69250(30) −2.4873(1) −2.4870(5)

4.0 0.001 1× 107 49784000(4000) −280400(100) 70180(40) −3.9947(2) −3.9954(6)

6.0 0.001 2× 107 471100000(10000) −2211400(500) 283650(60) −7.79630(6) −7.7963(3)

8.0 0.0005 3× 107 363290000(20000) −1362700(400) 110150(30) −12.3689(2) −12.3710(3)

10.0 0.0005 3.5× 107 1201600000(50000) −3925000(2000) 225200(100) −17.4322(2) −17.4308(1)
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In Table 1, we show the calculational results for
different interaction strengths (𝑈 = 1, 2, 3, 4, 6, 8
and 10 in units of 𝑡). In this table, the plateau de-
notes the plateau height, H psips denotes the total
population of Hamiltonian particles, 𝑁0 is the pop-
ulation of Hamiltonian particles on the reference de-
terminant, 𝑆 is the mean value of energy shift, and
𝐸corre is the correlation energy. From Table 1, one
can find some characteristics. On the one hand, with
the increase of the interaction strength 𝑈 , the plateau
height becomes higher, and the total population of
psips becomes larger. When 𝑈 > 6.0, the population
of H psips is too large to calculate if 𝛿𝜏 is still 0.001,
thus 𝛿𝜏 = 0.0005 is taken in the case of 𝑈 = 8.0 and
𝑈 = 10.0, which however brings a larger difference be-
tween 𝑆 and 𝐸corre as listed in Table 1. On the other
hand, when 𝑈 becomes larger, the correlation en-
ergy 𝐸corre becomes smaller. Here it should be noted
that the mean and standard errors of these quantities
shown in Table 1 are derived by the reblocking analy-
sis. Because the state of a simulation at one iteration
depends upon the state at the previous iteration, the

data points are not independent of each other. The re-
blocking analysis can remove the correlation between
near iterations. Furthermore, when we estimate the
projected energy, the correlation between the numera-
tor and denominator must be considered by taking the
covariance into account. The results of ground state
projected energies 𝐸project = 𝐻00 + 𝐸corr for differ-
ent interaction strengths are listed in Table 2. In this
table 𝐸FCIQMC and 𝐸exact are the expected values of
the ground state energy by FCIQMC and by the Lanc-
zos diagonalizations,[13] respectively. We find that the
shift 𝑆 in FCIQMC can give the ground state energy of
the Hubbard model with exact diagonalizations qual-
ity, but the differences between 𝐸FCIQMC and 𝐸exact

are slightly larger when 𝑈 ≥ 8.0. This is because 𝛿𝜏 is
set much smaller to decrease the population of psips
in FCIQMC simulation and the computational cost
(CPU time and memory requirements), which leads
to the population below the plateau slightly and has
a divergent error in the estimate of the energy just as
the analytical results for 𝑁e in Ref. [14].

Table 2. Computed ground state energy from FCIQMC, compared with the Lanczos diagonalizations results.[13]

system 𝑈 𝑆 𝐸FCIQMC 𝐸exact

4× 4 (7 ↑ 7 ↓) 1.0 −21.39279(1) −21.39283(2) −21.39283
4× 4 (7 ↑ 7 ↓) 2.0 −19.1709(1) −19.17173(5) −19.17135
4× 4 (7 ↑ 7 ↓) 3.0 −17.2998(1) −17.2995(5) −17.30003
4× 4 (7 ↑ 7 ↓) 4.0 −15.7447(2) −15.7454(6) −15.74459
4× 4 (7 ↑ 7 ↓) 6.0 −13.42130(6) −13.4213(3) −13.42123
4× 4 (7 ↑ 7 ↓) 8.0 −11.8689(2) −11.8710(3) −11.86883
4× 4 (7 ↑ 7 ↓) 10.0 −10.8072(2) −10.8058(1) −10.80701

For any Monte Carlo simulation the computational
efficiency must be considered. In the following we will
discuss the average time consumption per simulation
cycle of FCIQMC for different interaction strengths
and different numbers of CPU processors. As listed
in Table 1, the plateau height increases with the in-
teraction strength 𝑈 . Generally speaking, the plateau
height can roughly reflect how hard the calculation is
for both memory and computer time, since each Monte
Carlo iteration loops over all the particles. Figure 2(a)
shows the computer time cost for different interaction
strengths under the same condition that the number
of computer processors is set to be 36 and the time
step 𝛿𝜏 = 0.001 for 𝑈 = 4.0. It is clear that the com-
puter time increases with the interaction strength. In
particular, when 𝑈 > 5.0, the computer time increases
very quickly. To decrease the computer time, we need
much more computer resources (i.e., more processors),
but with the increase of the processor number, the
communication cost between different processors will
increase (see Fig. 2(b)). The reason is that in the par-
allel FCIQMC software implementation (one part of
HANDE) the Hilbert space is partitioned over the in-
voked processors, which can distribute the required

memory across the processors effectively. When a psip
on a parent determinant located in one part of the
Hilbert space spawn a child on a determinant located
in another part of the space, communication between
processors will occur. With the increase of the com-
munication rate, the time cost will be very large. In
other words, it is the inter-processor communication
that limits the parallel scale of FCIQMC.
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Fig. 2. The average time consumption (in units of second)
per simulation cycle of FCIQMC for different interaction
strengths (a) and different numbers of computer proces-
sors with 𝑈 = 4.0 (b).

In summary, we have mainly calculated the ground
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state energies of the 2D Hubbard model near half-
filling regime on a 4×4 square lattice system, and have
studied the computational efficiency of the FCIQMC
method. It is found that the results of energy shift
𝑆 with 1.0 ≤ 𝑈 ≤ 10.0 and the results of the pro-
jected energy with 𝑈 ≤ 6.0 are in good agreement
with those by the exact diagonalization. When 𝑈 is in-
creased, the number of psips will increase in FCIQMC
simulation, which implies that the computational cost
(CPU time and memory requirements) will increase.
To decrease computational cost, the number of psips
can be decreased by setting smaller time step, which
however brings the larger variance of the projected en-
ergy estimator for 𝑈 = 8.0 and 𝑈 = 10.0. Moreover,
it is found that much more computer resources (i.e.,
more processors) are helpful to decrease the computer
time, but with the increase of the processor number
the communication cost between different processors
will increase. When one uses FCIQMC to calculate
the ground state properties of the 2D Hubbard model
for the larger system size which is beyond the abil-
ity of the exact diagonalization method, one can use
higher computing resource. How to reduce the re-
quired number of psips to achieve convergence and
how to decrease the statistical uncertainty at the same
time need to be studied. As far as we know, FCIQMC
with the initiator approximation[15] can dramatically
reduce the required number of psips for molecular sys-
tems, and the semi-stochastic method[16] can reduce
the stochastic error for molecular and lattice systems.
However, the former introduces a systematic error and
the latter usually slows the simulation down. Whether
to treat larger systems by combining the initiator ap-
proximation and semi-stochastic method will be stud-
ied in the next works.

We thank Professor Youjin Deng and Professor
Qianghua Wang for useful discussions about the Hub-
bard model, and also thank Dr. James Spencer for

helpful discussions about the software HANDE.
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