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Resonance Analyses for a Noisy Coupled Brusselator Model ∗
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We discuss the dynamical behavior of a chemical network arising from the coupling of two Brusselators established
by the relationship between products and substrates. Our interest is to investigate the coherence resonance (CR)
phenomena caused by noise for a coupled Brusselator model in the vicinity of the Hopf bifurcation, which can
be determined by the signal-to-noise ratio (SNR). The CR in two coupled Brusselators will be considered in the
presence of the Gaussian colored noise and two uncorrelated Gaussian white noises. Simulation results show that,
for the case of single noise, the SNR characterizing the degree of temporal regularity of coupled model reaches
a maximum value at some optimal noise levels, and the noise intensity can enhance the CR phenomena of both
subsystems with a similar trend but in different resonance degrees. Meanwhile, effects of noise intensities on CR
of the second subsystem are opposite for the systems under two uncorrelated Gaussian white noises. Moreover,
we find that CR might be a general phenomenon in coupled systems.

PACS: 02.50.−r, 43.60.Cg DOI: 10.1088/0256-307X/34/7/070201

Coherence resonance, a kind of stochastic
resonance[1−4] without input signals, was first found
in a limit cycle model,[5] and was shown to occur in
excitable media, e.g., the FitzHugh–Nagumo model,[6]
and the Brusselator model.[7]

The coherence resonance (CR) phenomena of a sin-
gle model have been widely studied in excitable sys-
tems with random perturbations,[8,9] and this research
has provided the basis for further investigation of CR
in coupled nonlinear stochastic systems that have at-
tracted considerable attention due to their great im-
portance in a number of fields such as physics, chem-
ical reactions and biology. For example, Liu et al.[10]
demonstrated that when identical or slightly noniden-
tical chaotic oscillators are coupled together, the tem-
poral regularity of some measured signal characteriz-
ing the degree of the synchronization among the oscil-
lators can be modulated by external noise in the sense
of CR. Gong et al.[11] also studied the effect of the
deviation of a particular kind of non-Gaussian colored
noise on the collective firing behavior in bidirection-
ally coupled deterministic HH neurons, and the phe-
nomenon of noise-induced CR shows that there is an
optimal deviation of the non-Gaussian noise by which
the coupled neurons can perform the most regular fir-
ing behavior. Werner et al.[12] stated that the CR can
be observed in directionally noise-driven coupled rings
with an odd or even number of elements, etc.

For a Brusselator model, Hou et al.[13] interpreted
how noise influences CR in the vicinity of the Hopf
bifurcation. Shi[14] described the cooperation effect
of noise and an external signal on implicit and ex-
plicit coherence resonances in a Brusselator system,
in which the system stays in a steady state or an os-

cillatory state. Based on the existing methods and
theories about a single Brusselator model, Zhou and
Zhang[15] considered the echo wave and coexisting
phenomena in linearly coupled Brusselators and put
forward a new method to prove the existence of the
echo wave. Li et al.[16] studied the cooperative ef-
fects of parameter heterogeneity and coupling on the
CR of two unidirectional coupled Brusselator subsys-
tems, and also investigated the CR of a two-way cou-
pled Brusselator system under a multiplicative noise
at only one end. The above-researched coupled Brus-
selator model is based on the subsystem coupled to
their neighbor and the coupling strength can be ad-
justed by the coefficient of the subsystem. It is differ-
ent from a coupled model established by the relation-
ship between products and substrates of two Brusse-
lator subsystems proposed by Tyson.[17] This coupled
model studied by Tyson has attracted the attention
of scholars, and the deterministic behaviors, such as
subharmonic resonance, multiply-periodic and almost-
periodic oscillations, associated Hopf bifurcation and
double-Hopf bifurcations, have been studied for a long
time.[17,18] The aim of this work is to study how the
noise excitations influence the CR behaviors of this
coupled system, in which the system is subjected to
an additive Gaussian colored noise and two uncorre-
lated additive Gaussian white noises, respectively. We
expect to give a detailed analysis of the connection of
the resonance behavior between two subsystems of this
coupled Brusselator system.

To investigate the nonlinear phenomena in a chem-
ical network, Tyson[17] proposed a model consisting of
two Brusselators coupled in series, in which the two
outputs 𝑈 and 𝐸 of the subsystem (Eqs. (1a)–(1d))
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serve as the inputs of the subsystem (Eqs. (1e)–(1g)),
expressed by

𝐴
𝑘1−→ 𝑋, (1a)

𝐵 + 𝑋
𝑘2−→ 𝑌 + 𝑈, (1b)

2𝑋 + 𝑌
𝑘3−→ 3𝑋, (1c)

𝑋
𝑘4−→ 𝐸, (1d)

𝐸 + 𝑈
𝑘5−→ 𝑉 + 𝐹, (1e)

2𝑈 + 𝑉
𝑘6−→ 3𝑈, (1f)

𝑈
𝑘7−→ 𝐺, (1g)

where 𝑘1–𝑘7 are rate constants. The subsystems
(Eqs. (1a)–(1d)) are called the ‘first’ Brusselator and
the subsystems (Eqs. (1e)–(1g)) are called the ‘second’
Brusselator. The first Brusselator describes the trans-
formation of the initial substrates 𝐴 and 𝐵 into prod-
ucts 𝑈 and 𝐸, and the second Brusselator produces 𝐹
and 𝐺 from two outputs of the first Brusselator. The
rate equations for the five intermediates 𝑋, 𝑌 , 𝐸, 𝑈
and 𝑉 are

�̇� = 𝑘1𝐴− 𝑘2𝐵𝑋 + 𝑘3𝑋
2𝑌 − 𝑘4𝑋,

�̇� = 𝑘2𝐵𝑋 − 𝑘3𝑋
2𝑌,

�̇� = 𝑘4𝑋 − 𝑘5𝐸𝑈,

�̇� = 𝑘2𝐵𝑋 − 𝑘5𝐸𝑈 + 𝑘6𝑈
2𝑉 − 𝑘7𝑈,

�̇� = 𝑘5𝐸𝑈 − 𝑘6𝑈
2𝑉. (2)

By scaling and changes of variables to system (2), a
free coupled Brusselator model is given as

�̇� = 𝑎− 𝑏𝑥 + 𝑥2𝑦 − 𝑥,

�̇� = 𝑏𝑥− 𝑥2𝑦,

�̇� =𝑥− 𝑒𝑢,

�̇� = 𝑏𝑥− 𝑒𝑢 + 𝑢2𝑣 − 𝑢,

�̇� = 𝑒𝑢− 𝑢2𝑣, (3)

where the variables 𝑥, 𝑦, 𝑒, 𝑢, 𝑣, 𝑎 and 𝑏 represent the
dimensionless concentrations of the reactants 𝑋, 𝑌 , 𝐸,
𝑈 , 𝑉 , 𝐴 and 𝐵, respectively, and 𝑎, 𝑏 > 0 are the fixed
concentrations. We have set all the rate constants as
unity for convenience. Letting the right side of Eq. (3)
be zero, we obtain the only equilibrium point,

(𝑥s, 𝑦s, 𝑒s, 𝑢s, 𝑣s) = (𝑎,
𝑏

𝑎
,

1

𝑏
, 𝑎𝑏,

1

𝑎𝑏2
).

Applying the translation (�̄�, 𝑦, 𝑒, �̄�, 𝑣)T =

(𝑥− 𝑥s, 𝑦 − 𝑦s, 𝑒− 𝑒s, 𝑢− 𝑢s, 𝑣 − 𝑣s)
T to Eq. (3) yields

˙̄𝑥 = (𝑏− 1)�̄� + 𝑎2𝑦 +
𝑏

𝑎
�̄�2 + 2𝑎�̄�𝑦 + �̄�2𝑦,

˙̄𝑦 = − 𝑏�̄�− 𝑎2𝑦 − 𝑏

𝑎
�̄�2 − 2𝑎�̄�𝑦 − �̄�2𝑦,

˙̄𝑒 = �̄�− 𝑎𝑏𝑒− 1

𝑏
�̄�− 𝑒�̄�,

˙̄𝑢 = 𝑏�̄�− 𝑎𝑏𝑒 +
(︁1

𝑏
− 1

)︁
�̄� + 𝑎2𝑏2𝑣

+
1

𝑎𝑏2
�̄�2 − 𝑒�̄� + 2𝑎𝑏�̄�𝑣 + �̄�2𝑣,

�̇� = 𝑎𝑏𝑒− 1

𝑏
�̄�− 𝑎2𝑏2𝑣 − 1

𝑎𝑏2
�̄�2

+ 𝑒�̄�− 2𝑎𝑏�̄�𝑣 − �̄�2𝑣. (4)

Then the unique equilibrium of Eq. (4) is
(�̄�s, 𝑦s, 𝑒s, �̄�s, 𝑣s) = (0, 0, 0, 0, 0), and the coefficient
matrix of the linear part of Eq. (4) is

𝐶 =

⎛⎜⎜⎜⎝
𝑏− 1 𝑎2 0 0 0
−𝑏 −𝑎2 0 0 0
1 0 −𝑎𝑏 − 1

𝑏 0
𝑏 0 −𝑎𝑏 1

𝑏 − 1 𝑎2𝑏2

0 0 𝑎𝑏 − 1
𝑏 −𝑎2𝑏2

⎞⎟⎟⎟⎠ .

Thus the characteristic polynomial of the linearized
system evaluated at the equilibrium can be found as

0 = |𝜆𝐸 − 𝐶|
= [𝜆2 + (𝑎2 − 𝑏 + 1)𝜆 + 𝑎2]

× [𝜆3 + (𝑎2𝑏2 + 𝑎𝑏 + 1 − 1

𝑏
)𝜆2

+ (𝑎3𝑏3 + 𝑎2𝑏2 + 𝑎𝑏− 2𝑎)𝜆 + 𝑎3𝑏3],

where 𝐸 is an identity matrix, and 𝜆 stands for eigen-
vectors.

It is obvious that the fifth-degree polynomial can
be decomposed into a quadratic part and a cubic part,
corresponding to a normal isolated Brusselator and
the second Brusselator, respectively. This is not sur-
prising because there is only unidirectional coupled in
system (1), e.g., the presence of species 𝐸, 𝑈 and 𝑉
has no effect on the kinetics of species 𝑋 and 𝑌 .

The concrete forms of three conditions are as fol-
lows:

𝐹1(𝑎, 𝑏) = 𝑎2 − 𝑏 + 1 < 0, (5a)
𝐹2(𝑎, 𝑏) = 𝑎2𝑏3 + 𝑎𝑏2 + 𝑏− 1 < 0, (5b)
𝐹3(𝑎, 𝑏) = 𝑎4𝑏6 + 2𝑎3𝑏5 + 2𝑎2𝑏4 − 3𝑎2𝑏3

+ 2𝑎𝑏3 − 3𝑎𝑏2 + 𝑏2 − 3𝑏 + 2 < 0. (5c)

Since the first Brusselator is completely oblivious to
the second, using the Routh–Hurwitz criteria[17] we
know that the first Brusselator will lose stability when
𝑎 and 𝑏 satisfy inequality (5a), and the second will be
unstable if 𝑎 and 𝑏 satisfy one of the conditions (5b)
and (5c) without affecting the stability of the first. A
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stability analysis with respect to the parameters 𝑎 and
𝑏 are shown in Fig. 1, which gives the region of insta-
bility (shaded) of the two subsystems simultaneously
for a coupled Brusselator model. Here 𝑄 is a critical
point of the double-Hopf bifurcation that occurred in
the entire coupled model.

a

b

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5
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3
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Fig. 1. Stability analysis in parameter space.

We take the approximate value of 𝑄 as
𝑄(𝑎 = 0.479, 𝑏 = 1.228). In what follows, we discuss
the CR phenomenon near a double-Hopf bifurcation
of the coupled Brusselator model in the presence of
noises by calculating SNRs for different variables. The
model specifically includes two driving ways of noise:
(1) The first Brusselator is subjected to an additive
Gaussian colored noise. (2) The two Brusselators are
subjected to two uncorrelated additive Gaussian white
noises, respectively. We give a computing method of
the signal-to-noise ratio (SNR) based on Refs.[̇19,20]
with the expression

𝑆𝑁𝑅 =
𝑃 − 𝑃noise

𝑃noise
, (6)

where 𝑃noise represents the power spectrum of noise,
and 𝑃 is the total power spectrum of the system with-
out the power spectrum of external signals.

A real chemical reaction will be subjected to ex-
ternal or internal random fluctuations, and sometimes
these fluctuations play an important role in promoting
the occurrence of the coherence motion. To consider
the effects of random factors on a chemical reaction,
a Gaussian colored noise is added to the first Brusse-
lator, expressed by

�̇� = 𝑎− 𝑏𝑥 + 𝑥2𝑦 − 𝑥 + 𝜁(𝑡),

�̇� = 𝑏𝑥− 𝑥2𝑦,

�̇� =𝑥− 𝑒𝑢,

�̇� = 𝑏𝑥− 𝑒𝑢 + 𝑢2𝑣 − 𝑢,

�̇� = 𝑒𝑢− 𝑢2𝑣, (7)

where 𝜁(𝑡) denotes an exponential Gaussian colored
noise satisfying

⟨𝜁(𝑡)⟩ = 0, ⟨𝜁(𝑡)𝜁(𝑠)⟩ =
𝐷

𝜏
exp

(︁
− |𝑡− 𝑠|

𝜏

)︁
,

which can be generated by the following linear process

𝜁(𝑡) = − 𝜁

𝜏
+

𝜂(𝑡)

𝜏
,

with 𝜏 being the correlation time of the noise, and
𝜂(𝑡) being a Gaussian white noise with zero mean and
intensity 𝐷.

Next, a numerical simulation is carried out to in-
vestigate the connection of CR between two subsys-
tems when the first Brusselator of the coupled model
is subjected to a Gaussian colored noise excitation.
Based on Eq. (6), SNRs can be computed by the
second-order stochastic Runge–Kutta algorithm under
the initial conditions (𝑥0, 𝑦0, 𝑒0, 𝑢0, 𝑣0) = (0, 0, 0, 0, 0),
𝑡0 = 0, 𝑎 = 0.479, 𝑏 = 1.228, and the time step
ℎ = 0.01. If the SNR nonlinearly changes with in-
creasing stochastic parameters and passes through a
maximum at an intermediate optimal value where the
oscillating reaction becomes most regular, which rep-
resents the presence of CR near the bifurcation point
𝑄 in model (7), the influences of different parameters
on CR can be analyzed by changing features of SNR.

In the simulation of SNRs we find that the change
of SNRs as a function of the noise intensity 𝐷 is not
obvious with different 𝜏 . Thus we only consider the
effects of different noise intensities 𝐷 on SNRs as a
function of the correlation time 𝜏 in this section.

0 0.5 1 1.5 2 2.5
0.6

0.8

1.0

1.2

1.4

1.6

1.8

2

2.2

S
N

R
 (

1
0

-
2
)

S
N

R
 (

1
0

-
2
)

x

D/⊲

D/⊲

D/⊲

0 0.5 1 1.5 2 2.5
0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7
y

D/⊲

D/⊲

D/⊲

0 0.5 1 1.5 2 2.5
3.4

3.6

3.8

4

4.2

4.4
u

D/⊲

D/⊲

D/⊲

0 0.5 1 1.5 2 2.5
3.06

3.1

3.14

3.18

3.22

3.26

3.3

3.34
v

D/⊲

D/⊲

D/⊲

τ τ

τ τ

(a)

(b)

Fig. 2. The simulation results of SNRs as a function of the
correlation time 𝜏 for different noise intensities 𝐷 = 0.001,
0.005 and 0.01 about variables 𝑥 and 𝑦 in the first Brusse-
lator (a) and variables 𝑢 and 𝑣 in the second Brusselator
(b).

Figure 2(a) shows the SNRs of variables 𝑥 and 𝑦
of the first Brusselator model under different noise in-
tensities 𝐷. It is obvious that the maximum values
of SNRs become larger with the increase of 𝐷, indi-
cating that the first Brusselator has CR phenomena
under the Gaussian colored noise excitation, and the
greater the noise intensity is, the more obvious the
CR phenomena are. Our simulation results also show
the slightly right-skewing of the maximum values of
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SNRs with the increase of 𝐷, meaning that the CR
phenomena are more intense with the increase of the
noise intensity and the correlation time synchronously.
Furthermore, we find that the SNRs of variables 𝑥 and
𝑦 change with the same trend but in different degrees,
and the directing effects of noise on variable 𝑥 make
CR more intense. In Fig. 2(b), the SNRs of variables
𝑢 and 𝑣 are also presented for different intensities 𝐷.
Simulation results show that the change trend of the
SNRs about variables 𝑢 and 𝑣 is almost similar to
Fig. 2(a). However, the maximum value of SNR of
variable 𝑣 is hardly changed with a larger 𝐷. More-
over, according to Fig. 2(b), it is observed that the
values of SNRs are greater compared with Fig. 2(a).

It is noteworthy that when the first Brusselator is
excited by a Gaussian colored noise, two subsystems of
the coupled Brusselator model show CR phenomena
with nearly the same trend but in different degrees,
and indirect effects of noise on the first Brusselator
make the CR of the second more intense.

The influences of environmental factors on a chem-
ical reaction have the characteristics of random and
uncertainties, thus these influences can be described
by different noises. For the purpose of studying and
learning the effects of noises on a system with a greater
depth, next two uncorrelated additive Gaussian white
noises are added to two subsystems of Eq. (3), respec-
tively. The resulting stochastic model is

�̇� = 𝑎− 𝑏𝑥 + 𝑥2𝑦 − 𝑥 + 𝑔1(𝑡),

�̇� = 𝑏𝑥− 𝑥2𝑦,

�̇� =𝑥− 𝑒𝑢,

�̇� = 𝑏𝑥− 𝑒𝑢 + 𝑢2𝑣 − 𝑢 + 𝑔2(𝑡),

�̇� = 𝑒𝑢− 𝑢2𝑣, (8)

where 𝑔1(𝑡) and 𝑔2(𝑡) are uncorrelated Gaussian white
noises with

⟨𝑔1(𝑡)⟩ = ⟨𝑔2(𝑡)⟩ = 0,

⟨𝑔1(𝑡)𝑔1(𝑡′)⟩ = 2𝐷1𝛿(𝑡− 𝑡′),

⟨𝑔2(𝑡)𝑔2(𝑡′)⟩ = 2𝐷2𝛿(𝑡− 𝑡′).

Since the first Brusselator is completely oblivious to
the second, in the following we only investigate CR of
the second Brusselator in the vicinity of the Hopf bi-
furcation when two Brusselators are subjected to two
independent Gaussian white noises, respectively. Sim-
ilarly, SNRs of the second Brusselator can also be com-
puted by the second-order stochastic Runge–Kutta al-
gorithm based on Eq. (6). Observing the changing fea-
tures of SNRs, we can identify CR phenomena and can
analyze the combined effect of two independent Gaus-
sian white noises on the CR of the second Brusselator.
In the simulation of the SNRs of the second Brusse-
lator we find that the change of SNRs as a function
of the noise intensity 𝐷2 is not obvious with different
𝐷1. This can be interpreted through the above results

that indirect effects of additive Gaussian colored noise
on the first Brusselator make CR of the second more
intense. Thus we only consider the effects of different
noise intensities 𝐷2 on SNRs as a function of the noise
intensity 𝐷1.

Figure 3 clearly gives the SNRs as a function of
𝐷1 under different noise intensities of 𝑔2(𝑡). Simula-
tion results show that when the value of 𝐷2 is deter-
mined, the SNRs of 𝑢 and 𝑣 increase at first and then
decrease, which explains that 𝑔1(𝑡) in the first Brusse-
lator is advantageous to the occurrence of CR of the
second. When the value of 𝐷2 is relatively small, such
as 𝐷2 = 0.0001 and 0.001, SNRs of 𝑢 and 𝑣 are nearly
unchanged, indicating that the noise in the first Brus-
selator controls the CR of the coupled model in this
case. If 𝐷2 = 0.01, SNRs of 𝑢 and 𝑣 increase slowly
with the slight reduction of maximum value, which
means that 𝑔2(𝑡) plays a role in the second Brussela-
tor. With the increase of the noise intensity, 𝐷2 = 0.1,
the SNR of variable 𝑢 is largely decreased with an un-
obvious maximum value, which means that the CR
of variable 𝑢 is inhibited by the excitation in itself.
Meanwhile, the SNR of variable 𝑣 is largely increased
also with an unobvious maximum value, which means
that 𝑔2(𝑡) plays a leading role to restrain the CR of
variable 𝑣.
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Fig. 3. Simulation results of SNRs as a function of the
noise intensity 𝐷1 for different noise intensities 𝐷2 =
0.0001, 0.001, 0.01 and 0.1 about variables 𝑢 and 𝑣 in
the second Brusselator.

By virtue of the above analysis, we obtain that the
two uncorrelated noises in two subsystems of the cou-
pled Brusselator model have the opposite effects on
CR of the second Brusselator.

In summary, numerical simulations have been car-
ried out to investigate the connection of CR of two
subsystems when the first Brusselator is excited by
an additive Gaussian colored noise. The cooperative
effects of two independent Gaussian white noises on
the CR of the second Brusselator in the vicinity of
Hopf bifurcation are also researched. It is found that
two subsystems of the coupled model exhibit CR phe-
nomena with the same trend in different degrees, and
CR is more obvious with the increase of the Gaus-
sian colored noise intensity. Additionally, we observe
that the effects of two uncorrelated additive Gaussian
white noises on the CR of the second Brusselator are
opposite, i.e., the perturbation in the first Brusselator
is advantageous to the occurrence of CR of the second,
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but the Gaussian white noise in the second is disad-
vantageous to the occurrence of CR of itself. Our re-
sults provide a good foundation to study the CR phe-
nomena of coupled systems with different types of ex-
citations, such as multiplicative Gaussian noise,[21,22]
non-Gaussian Lévy noise.[23−25] We expect that our
results might be general phenomena in one-way cou-
pled systems, and they would have extensive applica-
bility and practical significance in the studies of many
other coupled systems.
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