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Valence Quark Ratio in the Proton
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Beginning with precise data on the ratio of structure functions in deep inelastic scattering (DIS) from 3 He and
3
H, collected on the domain 0.19 ≤ 𝑥B ≤ 0.83, where 𝑥B is the Bjorken scaling variable, we employ a robust
method for extrapolating such data to arrive at a model-independent result for the 𝑥B = 1 value of the ratio
of neutron and proton structure functions. Combining this with information obtained in analyses of DIS from
nuclei, corrected for target-structure dependence, we arrive at a prediction for the proton valence-quark ratio:
𝑑𝑣 /𝑢𝑣 |𝑥B →1 = 0.230(57). Requiring consistency with this result presents a challenge to many descriptions of
proton structure.
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In the Standard Model of particle physics, there
are two flavors of light quark, i.e., up (𝑢) and down
(𝑑) quarks; and the proton is comprised of two valence
𝑢 quarks and one valence 𝑑 quark, which are bound by
the exchange of gluons, viz. the gauge bosons of quantum chromodynamics (QCD). Such valence-quarks are
not the constituent quarks[1,2] used to build quantum
mechanics descriptions of the properties of baryons
(neutrons, protons, etc.),[3−5] although links can be
drawn between them (Sec. 2.3 in Ref. [6]). Moreover,
quantum field theory is far more complex than quantum mechanics, whilst preserving all its basic features.
These things together mean that any attempt to express the proton wave function in terms of QCD’s
Lagrangian degrees-of-freedom will require infinitely
many terms,[7] each one containing different numbers
of gluons, quarks and antiquarks. Approached this
way, the problem of solving for the proton wave function has thus far been intractable.
Notwithstanding the challenges involved, the proton wave function is a very desirable quantity. Indeed,
analogous to the wave function for the hydrogen atom,
a sound result for the proton wave function, 𝛹𝑝 , would
enable many basic features of QCD to be understood.
For instance, even though it is impossible to speak of
their precise number, with 𝛹𝑝 in hand one can compute matrix elements that express the number density
distributions within the proton of QCD’s gluons and

quarks, i.e., the proton parton distribution functions
(DFs).[8]
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Fig. 1. Electron + proton (𝑒𝑝) scattering, with the initialstate proton disintegrated by collision with the virtual
photon, producing a cascade, 𝑋, of final state hadrons.
With 𝑚𝑝 being the proton mass, the Bjorken limit is defined by the following kinematics: 𝑄2 ≫ 𝑚2𝑝 , 𝜈 ≫ 𝑚2𝑝 ,
𝑥B = fixed (0 < 𝑥B < 1).

The proton DFs have long been the subject of intense study.[9−12] They can be inferred from measurements using, e.g., the deep inelastic scattering (DIS)
process drawn in Fig. 1, when the kinematic variables
satisfy the Bjorken conditions.[13] It was using just
such processes that quarks were discovered.[14−17]
Returning to the issue of valence quarks, given that
the proton is that object which appears as the lowestmass bound-state in the scattering of two 𝑢-quarks
and one 𝑑 quark, it is natural to ask for the ratio of
𝑢 and 𝑑 quark number densities in this system. Im-
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portantly, the value of this ratio on the far-valence
domain, 𝑥B ≃ 1, is one of the keenest available discriminators between competing descriptions of proton
structure;[18] and neutron (𝑛) structure, too, because
𝑆𝑈 (2)-flavor (isospin) symmetry is an accurate approximation for strong interactions.
Before considering possible answers, it is first necessary to observe that the simplest description of
high-energy scattering processes is obtained by formulating the problem using light-front coordinates, in
which case one writes the proton’s four-momentum
𝑃 = (𝑃0 , 𝑃⊥ = (𝑃1 , 𝑃2 ), 𝑃3 ) → (𝑃− , 𝑃⊥ , 𝑃+ ) with
𝑃− = [|𝑃⊥ |2 + 𝑚2𝑝 ]/𝑃+ .[19] Formulated in these terms,
then at leading order in analyses using perturbative
QCD, the Bjorken variable, 𝑥B in Fig. 1, can be identified with the light-front fraction of the proton’s momentum carried by the parton which participates in
the scattering process:[20,21] 𝑥 = 𝑙+ /𝑃+ . The proton
DFs are then accessible, e.g., via projection of the proton’s Poincaré covariant wave function onto the lightfront.
Maintaining Poincaré covariance in calculations of
the proton wave function and DIS observables is crucial. Yet, results based on nonrelativistic quark model
wave functions are still cited. The simplest of these
are based on few-body quantum mechanics, with twobody potentials between constituent-quarks, and realize a 𝑆𝑈 (2) spin-flavor symmetry in the proton wave
function. In this case, the proton wave function is
expressed in terms of 𝑈 and 𝐷 constituent-quarks,
which are largely uncorrelated, so that their individual wave functions are proportional; consequently, the
𝐷/𝑈 ratio is 1/2 for all values of 𝑥. This prediction was largely rendered untenable by the first experiments to provide data that could be interpreted
in terms of the valence-quark 𝑑/𝑢 ratio.[22,23] Herein,
we use data from the most recent such experiment,[24]
MARATHON, to deliver a model-independent prediction for the ratio of proton valence-quark densities.
Structure Function Ratio: Theory. On any domain for which the Bjorken conditions are satisfied,
the ratio of valence-quark DFs can be obtained by
separately considering DIS reactions from neutron
and proton targets and forming a particular ratio of
Poincaré-invariant structure functions that appear in
the expressions for the two cross-sections [Eq. (2.45)
in Ref. [9]]:
𝑢𝑣 (𝑥) + 4𝑑𝑣 (𝑥) + 6𝑑𝑠 (𝑥) + 𝛴(𝑥)
𝐹2𝑛 (𝑥)
=
,
𝑝
𝐹2 (𝑥)
4𝑢𝑣 (𝑥) + 𝑑𝑣 (𝑥) + 6𝑢𝑠 (𝑥) + 𝛴(𝑥)

(1)

where 𝑢𝑣 (𝑥), 𝑑𝑣 (𝑥) are the proton valence-quark DFs;
𝑢𝑠 (𝑥), 𝑑𝑠 (𝑥), the associated sea-quark DFs; and 𝛴(𝑥)
is the remaining flavor-symmetric sea-quark contribution. In explanation, sea-quarks are generated by
interactions between the proton’s valence-quarks and

are a necessary part of the proton wave function when
it is expressed in terms of QCD’s Lagrangian degreesof-freedom.
It is now known[25] that 𝑑𝑠 (𝑥)/𝑢𝑠 (𝑥) ̸= 1, deviating
by possibly as much as a factor of 1.5 on 0.1 < 𝑥 < 0.4.
Nevertheless, in comparison with valence DFs, all sea
distributions in Eq. (1) are negligible on 𝑥 ≳ 0.2 (see,
e.g., chapter 18 in Ref. [26] and the discussions in
Refs. [27,28]); hence:
𝐹2𝑛 (𝑥)
𝐹2𝑝 (𝑥)

𝑥≳0.2

=

1 + 4𝑑𝑣 (𝑥)/𝑢𝑣 (𝑥)
.
4 + 𝑑𝑣 (𝑥)/𝑢𝑣 (𝑥)

(2)

The limiting cases 𝑑𝑣 (𝑥) ≡ 0 and 𝑢𝑣 (𝑥) ≡ 0 yield the
Nachtmann bounds:[29]
1/4 ≤ 𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥) ≤ 4.

(3)

Owing to scaling violations (Sec. 4 in Ref. [8]),
𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥) actually depends on the 𝑄2 value at
which it is measured; except at the endpoint 𝑥 =
1, whereat the ratio is a fixed point under QCD
evolution.[9] This feature, which can be verified by
adapting the analysis (see Appendix in Ref. [30]), is
what empowers the ratio 𝑑𝑣 (𝑥)/𝑢𝑣 (𝑥) as an acute discriminator between pictures of proton structure.
Structure Function Ratio: Experiment. The proton is stable and has been used as a target in highenergy experiments for almost one hundred years.[31]
Isolated neutrons, however, decay rather quickly; so
the big issue in obtaining reliable measurements of
𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥) is centred on the construction of a “free
neutron” target. Beginning with Refs. [22,23] many
experiments have used the deuteron as the path to
a neutron target; but even though this is a weakly
bound system, the characterization of proton-neutron
interactions introduces a large theory uncertainty in
the extracted ratio on 𝑥 ≳ 0.7.[32]
A different approach is to perform DIS measurements on 3 He and 3 H and then take the ratio of scattering rates from these two nuclei. In this case, nuclear interaction effects largely cancel when extracting
𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥).[33,34] The challenge here is developing a
method for handling the radioactive 3 H target; but after years of development, such an experiment was recently completed.[24] Adding credibility to these new
results, the data obtained is, within mutual uncertainties, in agreement with an analysis of nuclear DIS reactions, on targets ranging from the deuteron to lead,
which accounts for the impact of short-range correlations in the nuclei.[35]
The possibility that MARATHON data omit a systematic effect deriving from model-dependent assumptions about nuclear structure is raised in Refs. [36,37].
More analyses are required before this hypothesis can
be validated and its potential impact reliably quantified. We therefore proceed with analysis of the data
reported in Ref. [24].
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The MARATHON data, reproduced in Fig. 2, have
good coverage of the domain 𝑥 ∈ [0.195, 0.825] and
reach closer to 𝑥 = 1 than previous measurements.
Hence, they are well suited for analysis using a newly
developed technique to extract an 𝑥 = 1 value for
𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥) with a well-defined uncertainty. The
approach, typically described as the statistical Schlessinger point method (SPM),[38,39] has been refined
in many hadron physics applications, especially those
which demand model-independent interpolation and
extrapolation.[40−50] The SPM avoids any specific
choice of fitting function, generating form-unbiased interpolations of data as the basis for well-constrained
extrapolations. Hence, the 𝑥 = 1 value produced is
model independent, expressing only the information
contained in the data.
1.2
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Fig. 2. Circles: Cross-section ratio 𝜎ℎ /𝜎𝑡 = 𝐹2ℎ /𝐹2𝑡 ,
ℎ =3 He, 𝑡 =3 H, with the SPM result drawn as the associated blue band. Squares: 𝐹2𝑛 /𝐹2𝑝 . The SPM result is the
associated orange band. Diamonds: 𝑑𝑣 /𝑢𝑣 constructed
from the 𝐹2𝑛 /𝐹2𝑝 data using Eq. (2). The associated red
band is the SPM result obtained from these points. Data
from Ref. [24] with 𝑄2 / GeV2 increasing from 2.73 to 11.9
as 𝑥 increases.

Form-Unbiased, Data-Informed Extrapolation.
The SPM builds a large set of continued fraction
interpolations, with each element of the set capturing
both local and global features of the curve underlying
the data. The global aspect is vital, guaranteeing the
validity of the interpolations outside the data range
limits, thereby justifying extrapolation. The method
is detailed elsewhere.[48] Here, therefore, we only recapitulate essentials.
When analyzing good experimental data, one must
also account for the fact that they are statistically
scattered around the curve which truly represents the
underlying observable. The data do not lie on the
curve; so, they should not be directly interpolated.
One may address this issue by using the mathematical
tool of smoothing with a roughness penalty, following
the procedure in Ref. [51]. This approach, sketched
in Sec. 3 of Ref. [48], is characterized by an optimal
roughness penalty, 𝜖, which is a self-consistent out-

put of the procedure. The data are untouched by
smoothing if 𝜖 = 0; whereas maximal smoothing is indicated by 𝜖 = 1. Regarding the MARATHON data,
𝜖 = 2.0 × 10−5 ≃ 0.
The MARATHON data set has 𝑁 = 21 elements;
and to proceed with analysis using the statistical
SPM, we randomly select 6 ≤ 𝑀 ≤ 15 elements from
the set. In principle, for each value of 𝑀 , this provides 𝐶(𝑁, 𝑀 ) different interpolating functions, which
amounts to 𝒪(5 × 104 − 3 × 105 ) possible interpolators. For each value of 𝑀 , we then choose the
first 1000 curves that are smooth and consistent with
Eq. (3). Every interpolating function defines an extrapolation to any point 𝑥 outside the range covered
by the MARATHON data, including 𝑥 = 1. Thus, for
each value of 𝑀 , the value of 𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥) is determined by the average of all results obtained at 𝑥 from
the 1000 curves.
To estimate the error associated with a given SPMdetermined value of 𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥), one must first account for the experimental error in the data set. This
is achieved herein by using a statistical bootstrap
procedure:[52] 1000 replicas of the MARATHON data
set are generated by replacing each datum by a new
point, distributed randomly around a mean defined by
the datum itself with variance equal to its associated
error. The fact that 𝑀 is not fixed introduces a second
source of error, 𝜎𝛿𝑀 , whose magnitude we estimate by
shifting 𝑀 → 𝑀 ′ , repeating the aforementioned procedure using 𝑀 ′ , and evaluating the standard deviation of the distribution of 𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥) for all different
𝑀 values.
Consequently, the SPM result for 𝑅(𝑥) :=
𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥) is 𝑅(𝑥) ± 𝜎𝑅(𝑥) , where
𝑅(𝑥) =

15
∑︁
𝑅𝑀 (𝑥)
;
10

(4a)

𝑀 =6

𝜎𝑅(𝑥) =

15
𝑀
[︁ ∑︁
(𝜎𝑅(𝑥)
)2
𝑀 =6

102

2
+ 𝜎𝛿𝑀

]︁1/2

.

(4b)

At each point 𝑥 ∈ [0, 1], we have 10-million results for
the ratio, 𝑅(𝑥), each calculated from an independent
interpolating function.
As checks on internal consistency, we also implement this same procedure for the ratio 𝑑𝑣 (𝑥)/𝑢𝑣 (𝑥),
constructed from the MARATHON data using Eq. (2),
and the primary structure function ratio measured by
the Collaboration, viz. 𝜎ℎ /𝜎𝑡 = 𝐹2ℎ /𝐹2𝑡 , ℎ =3 He,
𝑡 =3 H.
Validation of SPM Extrapolation. Before reporting
results, it is first worth demonstrating that the SPM
delivers reliable extrapolations when used in connection with the MARATHON data set. This is achieved
following the procedure explained in the Supplementary Material in Ref. [48].
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We first select a known functional form for the ratio 𝑑𝑣 (𝑥)/𝑢𝑣 (𝑥). Any smooth function consistent with
Eq. (3) will suffice. We choose the CJ15 result, determined in Ref. [53] through a next-to-leading-order
global fit to a range of then available data, because
that study made a deliberate attempt to reduce uncertainty in 𝑑𝑣 (𝑥)/𝑢𝑣 (𝑥) at large-𝑥, returning the result
lim 𝑑CJ15
(𝑥)/𝑢CJ15
(𝑥) = 0.09(3).
(5)
𝑣
𝑣
𝑥→1

Working with the known central function, 𝑅15 (𝑥) :=
𝑑CJ15
(𝑥)/𝑢CJ15
(𝑥), we generated replica data sets
𝑣
𝑣
built from values of this ratio at the 𝑥-points sampled in the MARATHON experiment. The character
of real data is modeled by introducing fluctuations
drawn according to a normal distribution.
Treating this new set of data as real, we applied
the SPM procedure described above. Namely: (i)
generate 103 replicas; (ii) smooth each replica with
the associated optimal parameter; (iii) use the SPM
to obtain 𝑅15 (1) and 𝜎𝑅15 (1) , varying the number of
input points {𝑀𝑗 = 5 + 𝑗 |𝑗 = 1, . . . , 10}; and (iv)
calculate the final SPM result. In this way, we obSPM
tained 𝑅15
(1) = 0.10(5), i.e., reproducing the input
value with a 93% level of confidence. If one regards
the amount of curvature on 𝑥 ≳ 0.7 in the CJ15 fits
(Fig. 14 in Ref. [53]), this will be recognized as a keen
test and clear validation of the SPM.
We remark that in connection with the extrapolation to 𝑥 = 1, there is a discernible sensitivity to the
value of 𝑀 , so that 𝜎𝛿𝑀 dominates in Eq. (4b). This
was not the case when using the SPM to extract the
proton charge radius;[48] and owes herein to the relative paucity and lower precision of the MARATHON
data when compared with that reported for the proton form factor in Ref. [54]. This is a mathematical
statement, with no other imputations intended: the
𝜎ℎ /𝜎𝑡 measurement is challenging. Similar observations have been made in connection with the pion
charge radius.[49]

Turning now to the neighborhood 𝑥 ≃ 1, the SPM
returns the following limiting values:
⎫
⎧
⎪
𝜎ℎ /𝜎𝑡 ⎪
⎬
⎨ 0.754 ± 0.052,
𝑥≃1
𝑝
𝑛
=
(7)
𝐹2 /𝐹2
0.437 ± 0.085,
⎪
⎪
⎩ 0.227 ± 0.100.
𝑑𝑣 /𝑢𝑣 ⎭
Remark 1. 𝜎ℎ /𝜎𝑡 data are the source for the 𝐹2𝑛 /𝐹2𝑝
results. At each 𝑥, the relation between them is determined by a single number, ℛht , an EMC ratio,[12,55,56]
that should be close to unity, e.g., Eq. (2) in Ref. [24].
Using the results in Eq. (7), one finds ℛht (𝑥 = 1) =
1.019(13).
Remark 2. The 𝑑𝑣 /𝑢𝑣 points in Fig. 2 were obtained from those for 𝐹2𝑛 /𝐹2𝑝 using Eq. (2). The results
in Eq. (7) were obtained via independent SPM treatments of the two data sets. Using that for 𝐹2𝑛 /𝐹2𝑝 in
Eq. (2), one finds 𝑑𝑣 /𝑢𝑣 = 0.212(10), i.e., a value just
0.14 𝜎 away from that determined using the SPM on
the 𝑑𝑣 /𝑢𝑣 points.
Conclusions.
Figure 3
compares
our
MARATHON-based SPM prediction for 𝐹2𝑛 /𝐹2𝑝 |𝑥→1
with: the value inferred from nuclear DIS;[35] theory
predictions;[57−60] and the result from the phenomenological fit in Ref. [53].

6

CJ15

5

Helicity conservation

4

DSE 0+ & 1+

3

Mean SPM A-DIS

2

Segarra A-DIS

1

SPMMARATHON

0.2

0.4

0.6
n

SPM Results from MARATHON. Our SPM results
for 𝜎ℎ /𝜎𝑡 , 𝐹2𝑛 /𝐹2𝑝 , 𝑑𝑣 /𝑢𝑣 are drawn in Fig. 2. Each set
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Consider first the behavior on 𝑥 ≃ 0. Our independent SPM analysis of each data set drawn in Fig. 2
yields:
⎫
⎧
⎪
𝜎ℎ /𝜎𝑡 ⎪
⎬
⎨ 1.026 ± 0.139,
𝑥≃0
=
(6)
𝐹2𝑛 /𝐹2𝑝
0.962 ± 0.245,
⎪
⎪
⎭
⎩
𝑑𝑣 /𝑢𝑣
1.323 ± 0.706.
Although the statistical uncertainties are significant,
especially for 𝑑𝑣 /𝑢𝑣 |𝑥≃0 , all results are consistent with
sea-quark dominance on 𝑥 ≃ 0; an outcome expected
in any experiment consistent with DIS kinematics.
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Fig. 3. lim𝑥→1 𝐹2𝑛 (𝑥)/𝐹2𝑝 (𝑥). MARATHON-based SPM
prediction compared with results inferred from: nuclear
DIS;[35] Dyson–Schwinger equation analyses (DSE);[57,58]
quark counting (helicity conservation);[59] and a phenomenological fit (CJ15).[53] The vertical red line marks
the Nachtmann lower-limit, Eq. (3); and row 3 is the average in Eq. (8).

The Nachtmann lower bound, Eq. (3), is also highlighted in Fig. 3. It is saturated if valence 𝑑-quarks
play no material role at 𝑥 = 1, i.e., when there
are practically no valence 𝑑-quarks in the proton:
𝑑𝑣 /𝑢𝑣 |𝑥→1 = 0. The result is characteristic of models
for the proton wave function in which the valence 𝑑quark is always sequestered with one of the valence 𝑢quarks inside a 𝐽 𝑃 = 0+ “diquark” correlation.[61−63]
Even allowing for the quark-exchange dynamics typi-
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cal of Poincaré-covariant Faddeev equation treatments
of the proton,[63] one still finds 𝑑𝑣 /𝑢𝑣 |𝑥→1 ≈ 0 if only
scalar diquarks are retained.[58]
Observation 1. Considered alone, the SPM prediction, Eq. (7), excludes the result 𝐹2𝑛 /𝐹2𝑝 |𝑥→1 = 1/4
with a 99.7% level of confidence; hence, models of the
proton wave function that only include scalar diquarks
are excluded with equal likelihood. Conversely, the
QCD parton model prediction:[59,60] 𝑑𝑣 (𝑥) ∝ 𝑢𝑣 (𝑥) on
𝑥 ≃ 1, is confirmed with this same level of confidence.
Observation 2. The SPM prediction is consistent
with the result inferred from nuclear DIS.[35] The average of these results is drawn at row 3 in Fig. 3:
SPM & DIS−A

𝐹2𝑛 /𝐹2𝑝 |𝑥→1

= 0.454 ± 0.047.

(8)

In this case, the probability that scalar diquark models
might be consistent with available data is 0.000014%.
If Eq. (3) is removed as a constraint on SPM interpolants, only the uncertainty in Eq. (8) changes:
0.047 → 0.054.
Observation 3. Equation (8) is consistent with
both: (a) the result obtained by assuming an uncorrelated 𝑆𝑈 (4) spin-flavor proton wave function and helicity conservation in high-𝑄2 interactions;[59,60] and
(b) the prediction from a Poincaré-covariant Faddeev
equation approach to proton structure in which, owing to the mechanisms underlying the emergence of
hadron mass,[6,64] both 𝐽 𝑃 = 0+ and 𝐽 𝑃 = 1+ diquark correlations are generated with a dynamically
determined relative strength.[57,58]
It is here worth noting a strong theory constraint.
Namely, the proton’s Poincaré covariant bound-state
amplitude involves 128 independent Dirac structures,
only a small number of which correspond to configurations with a quark+scalar-diquark character.[65−67]
Consequently, Poincaré covariance alone is sufficient
to guarantee the presence of additional diquark-like
structures in any realistic proton wave function.
In summary, profiting from a combination of today’s empirical understanding of target-dependent effects in deep inelastic scattering (DIS), new precise
data on the ratio of structure functions in DIS from
3
He and 3 H, and a robust method for analyzing and
extrapolating such data, we arrive at the following result for the proton valence-quark ratio:
𝑑𝑣 (𝑥)
= 0.230 ± 0.057.
𝑥→1 𝑢𝑣 (𝑥)
lim

(9)

With a high level of confidence, proton structure models that are inconsistent with Eq. (9) can be discarded.
Acknowledgments. We are grateful for constructive comments from J. R. Arrington, R. W. Gothe,
R. J. Holt, S.-X. Qin, J. Rodrı́guez-Quintero and
J. Segovia. Use of the computer clusters at the Nanjing University Institute for Nonperturbative Physics

Express Letter

is gratefully acknowledged. This work was supported
by the National Natural Science Foundation of China
(Grant Nos. 12135007 and 11805097); the Alexander
von Humboldt Foundation; and STRONG-2020 “The
strong interaction at the frontier of knowledge: fundamental research and applications” which received
funding from the European Union’s Horizon 2020 research and innovation programme (Grant No. 824093).

References
[1] Gell-Mann M 1964 Phys. Lett. 8 214
[2] Zweig G 1964 CERN Rep. Nos. 8182/TH.401 and
8419/TH.412
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